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ABSTRACT 

This document contains 15 case studies developed by 
^the group teachers during a teaching experiment. Background 
information on . each second grader, behavior and achievement 
aharacteristics, and analyses of the evaluation interviews are 
presented. (MS) 
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vomoRV . ^ i 

Ed Begle recently remarked that curricular efforts during the 1960 '^s 
taught us a great deal about how to teach better.^ mathematics,^ but;^>ery- ^ -* 
little abovit how to teach mathematics better* The, mathematician" will , 
quite likely, agree with both« parts of this statement. The layman, the 
parent, and the elementary school teacher, however, question^ the thesis-* * 
^that the "new math" was really better than the "old math."* At best, the ^ 
fruits of the mathematics curriculum "revolution" were not sw^et* Many 
judge them to b^. bitter. ' , 

While some viewed the curricular changes of the 1960 's to be "revolu- 
tionary," others disagreed. Thomas ^C. O'Brien of ^Southern Illinois Univer- / 
sity at Edwardsville recently wrote^,- "We have not made any fundamental 
change in school mathematics."^ He cites Allendberfer who suggested that a 
curriculum which heeds the ways in; .which young children learn mathematics, 
is needed. Such a curriculum would be based on the understanding of chilr 
4ren*s /thinking and learning. It is one thing, however, to recognize that 
a concfeptual model for mathematics curriculAin is sound and necessary and to^ 
ask that th§ child's thinking and learning processes be heeded; it, is quite 
another to translate these ideas* into a curriculum which can be used eff ec-- , , 
tiyely by the ordinary elementary school teacher working in the or:ainary^' ^- 
»elementary school classroom. ' ^ ^ 

Moreover,- to propos.e that children's "thinking processes 'ghbuld sepre . 
as a basis for curi'iculum development is to presuppose that curricul\im 
makers agree, on what these processes are. Such is not the case, but even if 
!^ijt werej^ curriculum makers do not agree on the implications which the under- 
standing of these thinking processes would have for curriculum development. \ 

In the real. world of today's elementary school classroom, where not ^ 
much hope for drastic, changes for the better ran be ^qreseen , it appears . 
that in order to build a realistic, yet sound basis for the mathematics 
curriculum, children's .mathematical thinking must be studied^intensively _ 
in their usual school habitat. Given an opportunity to think, freely, .chil«- 
dren. clearly display .certain patterns of thougfit as they deal with ordinary 
mathematical situations encountered daily in ^their classroom. A videotaped " 
record of the outward manifestations of a child's thinlcing, uninf luepced^by 
any teaching on^the part of the interviewer, provides a ..rich source /'for con- 
jectures as to .what this thinking is, what mental structxires the child has 
developed, and how the child .uses these structures when dealing .with the o'r- 
dirary concepts of arithr.etic. In addition, ^an intensive analysis of this 
videotape .generates some conjectures as to the possible sources of what adults 
, view as children's "misconceptions" and about how the school environment (the 
teacher and the materials) "fights" the child's natural thought processes. 

The Project -for the Mathematical Development of Children (PMDC)2 set out 
/l"Why Teach Mathematics?" The Elementary School Journal 73 (Feb. 1973), 258-268 

^PMDC is supported by the National Science Foundation, Grant No. 
PES 74-18106-AC3. 



to create a more exterjsive and reliable basis on which to build mathematics 
c\irriculum. Accordingly, the emphasis in the first phase is to try to under- 
stand the children's intellectual pursuits, specifically their attempts to 
acquire' some basic mathematical skills and concepts. 

The-s^PMDC , in it's initial phase, works with children in grades 1 and 2': 
~^hese grades seem to comprise the crucial years for the development of bases 
for the future learning of mathematics, since key mathematical concepts, begin 
to'^^'form at ''these .grade levels. The children's mathematical development is 
studied, by means of: 

1. ^ One-to-one videotaped interviews subsequently analyzed by various 
individuals. 

2. Teaching experiments in which specific variables are observed in a 
group teaching setting with five to fourteen chilviren. 

3. Intensive observations of children in their regular classroom setting. 

4. Studies designed to investigate intensively the effect of a particular 
variable or medium on communicating mathematics to young children. , ^ 

5. Fcrmal testing, both group and one-to-one, designed to prpvide further 
insights into young children's mathematical knowledge. 

The PMDC staff and the Advisory Board wish to report the Project's activ- 
ities and findings to all who are interested in mathematical education. One 
meams for accomplishing this is the PMDC publication program. 

Many individuals contributed to the activities of PMDC. Its Advisory 
Board members are: Edward Begle, Edgar Edwards, Walter Dick, Renee Henry, 
John LeBlanc, Gerald Rising, Charles Smock, Stephen Willoughby, and Lauren 
Woodiy. The principal investigators are: Merlyn Behr, Tom Denmark, Stanley 
Erlwanger, Janice Flake, Larry Hatfield, William McKillip, Eugene D. Nichols, 
Leonard Pikaart, Leslie Steffe, and the 'Evaluator , Ray Carry. A special 
recognition for this publication is given to the PMDC Publications Committee, 
consisting of Merlyn Behr (Chairman) , Thomas Cooney, and Tom Denmark. 

Eugene V. hlidioU 
Director of PMD'C 
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PREFACE 



The statement "Use manipulatives to teach mathematics" has been 
repea ted so often and in so many different contexts that there is danger' 
that the statement will begin to accepted to the point where the use-^ 
of manipulatives in teaching mathematics appears to be a panacea. There 
are, of course, no panaceas in the teaching of mathematics; 'yet, it is 
apparent that there are more questions that need to be answered about 
, the why and how of using manipulatives to facilitate the learning of ^ 
^' mathematics than most writers recognize. 

/VThile it may seem intuitively obvious that using manipulative aids 
to build a concrete conceptual base will in the final analysis help 
children to associate concepts' ^nd the symbolization of concepts in a 
meaningful way, it seems apparent that the "gap" between children's 
ability to perceive mathematics through manipulatives and their^ability 
to associate symbolism with the concept is great. The question of how 

this gap is narrpwed and finally closed in a problem that has had very 

little investigation. . ' 

When children first start school, they come with certain intuitive 
notions about itiathcjinatics. Whether pr not these intuitive notions are 
tapped and buiit upon by instruction in our schools is an open question. 
.; This j-s true because" we know very little .about what these intuitive 
notions of mathematics are. Children have various linger manipulation 
strategies'^ for doing addition, for example. Teaching practices 
"frequently discourage children from using these strategies, and indeed, 
seldom are these strategies extended and a relationship between children's 
intuitive strategies and school strategies' developed. 

"This pulbliqatioh* is- intended" to share with the reader the information' 
obtained from a teaching experiment which dealt with the question, "What ^ 
are some important variables .which affect how well children learn from ■ 
manipulative aids:" Information about the relative effectiveness of Dienes 
blocks, counting sticks, and an abacus for the teaching of place value 
concepts' to second grade children was investigated'. Also of interest in 
.^the experiment was thf question of whether systematic use of all three of 
the manipulatives would prove to be more effective for learning these 
concepts thcin just one manipulative. 

' s ' . * 

The -apprpach used in this study was that of a teaching experiment. 
The concept of a teaching experiment employed was that of gaining practical 
and anecdotal data in* a teachingrleairning,., situation. The teaching involved 
a teacher working with a small group .of children, rather than a normal- 
sized class. Because of the small groups, statistics presented in this 
; study's statistical data must be interpreted with .caution.. Of more in- 
terest are -the questions and hypotheses which are suggested by ^the 
investigation. 

The research reported in Volumes I and II was an attempt to gain some 
insights about the question of what are significant variables related to 

vii 
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how to use manipulatives in teaching mathematics to children* The reader 
will'' soon 4 observe that the research method employed was different from that 
of* traditional education research. Very small groups of children were 
involved in- what was considered* a teaching experiment. This concept of a 
teaching, experiment represents" a first (or second) step-in a research' ' 
effort. The^pesearch reported herein is not hypothesis ^testing of the 
fami'liar research tradition. Instead, it is hypothesis generatj^pg — more 
of an attempt is made at clarifying problems for further investigation ^ * 
than-.at answering pre-stated questions* 

,> The Reader of the volumes will find data presented in various forms? 
a great^deal moire "raw data" is presented than is ordinarily done, in a 
researrch report. This raw data is presented in such diverse forms as raw 
scores on tests, both written and clinical interview tests, summaries of 
child responses extracted fro!n daily logs kept by teachers of the small 
groups, and, finally, a number of case studies of children involved in the 
experiment. 

.\ Volume I contains sections which describe the rationale and conduct 
of the experiment in detail* In addition. Volume I includes information 
about the results of the investigation* Volume 11 consists entirely of 
the fifteen case studies conducted by the group teachers. As background 
for Volu5:e II, the reader should refer to Chapters I and III of Volume I, 

Many individuals contributed to the conceptualization of this study.,. ^ 
The contribution made by the PMDC Advisory Board, Staff, and Evaluator, wl?o 
reacted to the initial proposal is gratefully acknpwledged. Special thanks 
are due Cynthia Clarke, Patricia Campbell, Stewart Wood, Judy Voran^ and 
Ella Barco, who served as group teachers in the teaching experiment, and* 
Max Gerling, who supervised the videotaping of lessons and interviews. 
Thanks are also due the project administrative assistant, Janelle Hardy, 
publications editor, Maria Pitner, and typists, Mary Harrington, Julie 
Rhodes, and Joe- Schmerler • , 
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Professor Behr is on leave of absence from Northern Illinois University 



' , • I,. THE CASE OF B 

'■ • , ■■ . ' by " . ' ' ■ 

B is a mal^ child, .l^orn ^epteiiiber 15,^ 19.68* ^He lives with his parents^.* axitd*'^' 

a'^'six. year pld 'broth^er. B's father is a student, and his mother is- a practical 
^nur|e.^ B's' family moved 1;o this city recently, and B entered-^tKe second grade>.Jh^ 

the''scho61 at which the experiment was donducted. ^^r 
s ^ ' « ' . '* 

j V 'iB is^i very outdoor oriented child who loves horses, camping/ and motp;^;^^""' 
"1 cycles. ^ :He seems ^ to be a relatively happy boy; however, he does not like ^ 
^;^scho6X*' B could never follow a task through to completion and did not possess 
^^indepehdeht work skills. His written work was very sloppy/ He did not like 

discipline. ' - - . - ..n 

. / ^ . ^ ' ' * 'iT^- 

a, good speller and;^ bragged continuously about placing. .fourth in a re- 
;dent spelling 'bee. B worried about competition and spent a great deal of time 
trying to see' how' much progress others were making on their ^tasks to the neglect 
of 4fi.s .own. tasks. 

J.'' B's entering second grade Otis-Lennon IQ was 97. On the Comprehensive Test 
of JBasic Skills administered at grade^ 2,6, B had grade eq-uivalent scores of 2.6, 
2-.;8V and 2.7 on reading, language, and mathematics, respectively. B was also a 
J* know it all" chiTd who was not well liked by fellow classmates. , He had a su- 
periority ^compiex. and manifested racial prejudices on a number of occasions. 

B had an entering KeyMath' grade equivalent of 2.2. His counting skills 
were above average as he could identify missing numbers in, a written sequence 

( / ^'i 7, , 9; 19; 98, 99, , 101) and could compare the n\nnerousness 

of .differing sets. B could not recognize ..counting by three's. He could add 
one- ana two-digit numerals without regrouping and ej^erienced success on one 
addition ^problem wj,th regrouping (66 +4),. B could subtract problems involving 
^ a one-digit minuend and a one-digit subtrahend 'but he could not subtract prob- 
lems involving a two-digit.minuend or subtrahend without or with regrouping. 
He could perform mental computations for some problems (1 + 1; 2 + 2; 1 + 4 - 2) 
and solved five word problems involving the operations of addition and subtrac- 
•tion. 

4 

In May of the second grade, B was again administered the KeyMath test and 
received a grade equivalent $core of 2.7. At this time, B was able to recognize 
counting by three's, and could also adc^ and subtract problems involving one or 
two-digit numerals without or with regrouping. There was no noticeable improve- 
ment in his mental computational skills or ability. to solve word problems. 

On the PMDC second grade test in* the fall, B could count from 35 to 46 and 
count back from 6 to 1. He could not count by tens from 10 to 130 or from 26 to 
126. He could determine the n'jmber of a set represented by 6 bundles of ten 
straws but could not determine the number of a set represented by 3 bundles of 



in ^_ 



ten straws and 7 single' straws* He could not count by tens and ones to detenruTne 
the value of a display of objects or to form a set representing a particular num- 
ber • 'B was able to use -counters to solve an addition problem whose sum was six 
but could not \ise counters to solve an addition problem involving 1 two-digit 
addend aiid 1 one-digit addend. Neither was he able to use" counters to solve sub-, 
traction problems* B made no attefmpt to solve missing addend problems* He an- 
swered' 2 of 3 items correctly dealing with the concepts of more and less (7 >4; 

b 12? 1^ !^3lj ana experie ffoed iiu dirriuulLy in uid^xlxi g four^ numerals -f27~-37 

5, amd 9) from smallest to largest. B did not attempt to .answer any questions 
which called, for identifying names for the same numbers (6 -f 'S and 5 + 4; 4 + 1 
and 3 + 2; 6 - 1 and" 3 + 2; 5 - 2 and 4 - 1) . 

- - ' 

' pUring the spring of the second grade, B vas given a PMDC retejst* This time 
he was able tovcount, from 10 to 130 but when a^ked to co'ont'from 26 to 126 only 
counted to 106*^ after skipping 66* He could also determine tiie number of a set 
represented by'* 3 bundles of ten straws cind 7 single straws. B could also count 
by tens and ones to determine the value of a dj.splay of objects of to form a set 
representing a particular number. He could use counters to solve addition and 
subtraction problems involving one and twg-digit numerals without or with regroup- 
ing. B solved all missing addend problems correctly and was successful on all 
items dealing with concepts of "greater than cind less thcin." He also attempted 
and worked correctly all items dealing with identifying names for the same ntim- 
ber. 

As a second grader in the Tl^ teaching experiment, B w^^s assigned to the em- 
bodiment group (Ul)* using sticks. Initially, B was easily distracted from his 
tasks, and had to be, reminded frequently to stay on tasks until completion. Even^^^ 
tually, B learned to work independen'tly and. became a good student. His work was 
often untidy but correct. Once a concept was learned, B did not care to c^tinue 
work at the manipulative level and would sa'iv^"l*m tired of working with .sticks; 
when are we going to write?" - 

B frequently wanted to do worksheets without receiving instructions and al- 
ways, felt that he knew what to do but this proved not to be the case in many in- 
stances. He wanted to appear superior to others in the group cind would often re- 
mark, "Aren't you finished yet?" or "That's easy" or "Didn't I do good work today,- 
teacher?" , 

The following cfiscussion of B's work in the Tl teaching experiment is organ- 
ized \ander che following topics: place value, ordering, addition and subtraction 
wijth regrouping, addition and subtraction without regrouping. 



VlkZt l/ALUE . . ^ 

Initially, B had difficulty responding to questions related to counting sj:ick 
displays because he didn't pay attention and never knew what to do. It soon be- 
came apparent that when B listened to explanations and instructions, he could re- 
spond successfully to most questions. B had little difficulty counting picture 
and stick displays; however, he would make occasional careless errors. He was the 
first one in the group to read t2rms such as, "one, ones, ten, tens, bundle, bun- 
•dlesv, stick and sticks." 
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B ^as not cnly untidy in .his written work but made a number of careless ^. 
errors in recording. He encountered difficulties in billing in blanks on work- ' 
sheets containing exercises such as: 

3 bundle?, ajid 5 sticks 

tens and one's- 

and . ^ . , 

B could usually fill-in the second line correctly ( • ter^s and > ones) but had^- 

'difficulty determining what shquld go on the' third line ( an'd ) * F-/entually, 

he overcame this difficulty and had no trouble filling in similar worksheets at 
a later date . • ' 

B could tell how many in all for a display of 1-9 bundles and could form 
stick displays for numbers from 10-90 when such a nxamber was given orally^ by the 
teacher • Given a two-digit numeral, B could e^lain the meaning of the digits' 
verbally in terms of tens and tens and *ohes and, could use sticks to explain the 
numerals. On wordsheetS/ he couid write and tell tl-ie nvimber of tens ,and ones- 
that were in a' two-digit numeral but .had difficulty determining the total, number 
of ones. B was one of the few children in the group to respond successfully to 
worksheet items such as: * ^ ^ ♦ 

7 tens + _5 ones - ' ' . / 

40 +_5 

45. " 

In the spring of the year, B made a smooth transition to three-digit n\amer- 
als b(Btween 100 and 200. B could count from 1-ioO by ones independently. B had 
difficulties/ however / determining hpw many' tens were in a number such as 170 or 
in a picture display of a threerdigit number. His response would often denote 
the number of ones rather than the number oi? tens. Samples of B's work illustrate 
these difficulties: ' , 'J^ 



Picture Display : 

1 Bundle of bundles and 
5 ^bundles . 



B's Response : 

150 tens * 



1 Bundle of bundles and 
1 bundle 



110 tens 



The^e difficulties continued to plague B at th^ symbolic level as' indicated by 
the following samples of his work: 



6 tenS/ 1 hundred = 106 tens 
120 tens = tens 
170 = 71 tens 



B could count stick and picture displays for numbers greater than 200 and 
cbuid. foCTi s.tick displays to represent given numbers. Generally, he had no dif- 
ficulties in determining the number of hundreds, tens, and ones contained in a 
three-rdigit numeral. 

B had no difficulties reading three-digit numerals and seldom made mistcikes. . 
He also had the ability to chcinge a given display so that it would show the same 
.number but with "uore tens" or "more hundreds." 

'At the end of the school year during the final evaluation interview, B was 
able, to transfer his concept of place value' to new situations in that he was able 
to represent 2 three-digit addends correctly with beans, a manipulative that was 
not used during the Tl teaching experiment. B was also able to correctly repre- 
sent three-digit numerals using sticks, a familiar manipulative. He could read 
tJiree-digit numera^^s and determine the total number of tens contained in a given 
number. B v*as able to determine the value of 2 hundreds^ 13 tens, 4^ ones (334) ♦ 

When shown 156 and a picture dispiay depicting 156 arranged as 14 .groups of 
tens and is ones , B was unable to rela te the pi ^turg_t^the^umeraX and di-d not — 
tJaink, that the picture went with the^numeral^ Neither did he think that "245" 
arid "1 hundred, 13 tens, 15 ones" were names f or^ the same number. ^ 

OXOERING 

^ * / 

Ordering pictures representing numbers from 10 to 20 was diff 5 ::ult, initi- 
ally, fo^ B. When given a set of pictures to order depicting numbers from 11 to 
20, B was the first to finish but he had ordered them inco rrectly ("11, 12, 13, 
14, 15, 19, 18, 17, 201).5_L'ater-T--he-was--abl-^-ticri^ correctly. On an- 

crc^cas Ion , when given a set of pictures to order depicting numbers from 20 
to 30, B ordered them in the following manner: "21, 22, 23, 24, 25, 26, 27, 28, 
29, 30." He held the picture for 20 in his hand and, seemed puzzled about its 
place in the sequence but eventually realized that it should precede 21. No 
problems were encountered by B in ordering picture sets for 40-50, 80-90 and 
10-90. 

B had difficulty reading phrases (" is less than" and "is greater than**) 
and symbols (<,>). He had similar difficulties in constructing number sen- 
tences of the form: 

"is greater than" 

"is less than" 

> 

— 

B, frequently, knew which of 2 numbers was the greater from picture or 
stick displays but had difficulties verbalizing or writing a formal statement 
to* this effect. Eventually, B overcame these difficulties and, learaed to han- 
dle .the formal statement! in both written and verbal form. After appearing to 
.understand concepts of "more" and " less" in comparing two numbers, B had trou- 



ble- determining whether a particular number sentence was true or false* For 
example, he knew that 59 was greater than 39 but could not tell whether the sen-, 
tence "59 is greater than 39/* was true or false* 

After representing given numbers with stick displays, B could easily show 
sticks to represent 1 more, 10 more, 100 more, 1 less, 10 less, and 100 less* 
T^is knowledge, however, did not transfer to picture sets* B had a considerable 
amount, of difficulty trying to find pictures from a picture set showing 10 more 
or 10 less than the value depicted by a particular picture stick display* For 
example, B selected the picture representing 343 when asked to find a picture 
representing 10 more than a picture representing 243* Selecting pictures to 
show 1 more, 1 less, 100 more, or 100 less than the value of a given picture was 
easier for B* 

At the symbolic level, similar difficulties were observed when B had to show 
10 more or 10 less than a given number* Showing 1 more, 1 less, 100 more or 100 
less seemed to be an' easier task* 



-During-B^s final .valuation. interv±ew7 B's grasp'nof^ordering was revealed 



wneh, he correctly determined the number that was 10 more than 137 and the number 
that v?as 10 less than 2.*S3. 

AWmOM AkV SUBTRACTWh! WITHOUT VEGROmUG ' 

B had no difficulty showing the addition and subtraction of number pairs 
using, stick displays aind, was able to verbalize what he had done* He could also 
write addends and sxams for number sentences which were read orally by the teacher. 



When working, with pictures, B had no trout)le~'s~e-rectiTigT>i-cture& f or a =gi\ten — 
addition problem and was able to put the picture? .in sequential order* 

Initially, B had difficulty recording and making careless errors on work- 
sheets* His work was usually very sloppy. He had a tendency to place tens un- 
der^ ones and vice versa but usually obtained the correct answers* Samples of 
his' recording -errors follow: 

With the pass.-^ge of time, B improved his recording skills* He also experi- 
enced difficulties in filling blanks for worksheet items similar t:o the one below: 



ones in all 
tens in all 



together ' 

He knew where to place the addends and sum but .often made errors in the inter- 
mediate step dealing with the "ones in all" and the "tens in all" step* 

B did not care to use the form board to assist him in using manipulatives 
for working addition or subtraction problems. He felt that he knew what to do 
so he did not want to spend time manipulating* 
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During the teaching of addition and subtraction, B was frequently absent, 
but after a day of instruction, would have no difficulties performing tasks that 
others had worked on for several days. He knew quil:e a few basic facts from mem- 
ory and perhaps used coxinting strategies for adding and subtracting less frequent- 
ly than most of the other group members. 

B did well on his addition and subtraction achievement tests. On parts of 
the test that were timed, B's time was longer than it should have been because 
he spent a great deal of his time looking around to see the progress of other 
group jnembers, B worried a lot aobut the progress of other group members on most 
tasks ♦ He liked to feel that he was top student on most tasks and would frequent- 
ly reply when doing his work, "That's easy." 

APPinoM m suBTRAcnow WITH m;mpjm 

B had no major problems adjusting to solving addition and subtraction prob- 
_lems_Klth_r.earcyaping.,L_V^ Ji^^f ixst:_.e_ncouiitejLed^ the f orm bo a rd for addition with 
■ regrouping, B had difficulty displaying the correct nuiTiber of sticks on the "tens 
in all" line. He wanted to count the -ten he got as a result of trading as a part 
of the tens in all and would have 1 ten more than what he should have had. After 
a few enactive lessons on addition with regrouping, E overcame this problem. Icon- 
ic lessons and symbolic lessons did not pose any problems for B as far as addition 
with regrouping was concerned but B would make careless errors in basic facts as 
indicated by the following samples of his work; 

s? 



Subtraction problems with regrouping would present problems for B from time 
to Tiime. Some errors were made due to B's failure to trade in problems where 
there were not enough ones to take away the required number of ones. For example, 
B*s solution to 72 - 49 was written as follows: 

Other errors were made due to errors is basic facts as indicated by excerpts of 
his written work below: 
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still other errors were due to the fact that B decreased his tens but did hot 
increase his ones. For example, he solved 48 - 39 in the following manner: 



Zeros in the minuend Jbothered B from time to time, and he would sometimes sub- 
tract a non-zero number from zero and get an answer of zero. An example of this 
error follows: 



9o 
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On worksheets involving both addition "and subtraction problems, B was care- 
less in reading his operation signs and would sometimes add when he should have 
subtracted and vice versa. 

• »f 
During the final evaluation interview, B was able to solve the following 
three-digit addition problem with a familiar manipulative (sticks): 




This represented a new situation for B because he had not t>een taught regrouping 
involving three-digit numerals. He also solved the following three-digit prob- 
lem using paper-pencil: 

- ><a4- - . ■- - 

B was also able to transfer .his concept of regrouping to a new manipulative 
(beans) which he had not been instructed to use and solved the following prob- 
lems correctly: o / ^ r 



B's concept of regrouping did not enc±)le him to solve the following subtraction 
proDlems correctly. 



With sticks: • — / V (B* s answer) 

Paper-Pencil: ^ ^ 

-/ ^4 
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' - II. THE CASE OF C-.^ 

Etta 8u/tca 

BIOGRAPHICAL AWP TESTING lA/FORAIAHOW 

C is a male child born March 22, 1968. He lives in a house with his grand- 
parents and a semi-retarded uncle who assists the grandmother occasionally in 
caring for hitn. C has 3 ni-ne year olc3 sirsirer^who lives with him-and—a-mother^ ivho 
lives out of town. The grandmother tries to keep the family together. C*s mother 
visits him from time t6 time, but he is )iappiest when his mother is not there. 

In the first grader C would relate to" only one teacher and was a behavior 
problem whenever other teachers were around. He was a loner who would play "at" 
people but not "with" them. He wanted to dominate other children and would often 
strike them for no apparent reason. C had a cruel streak and would often talk 
about kicking animals and pulling tails *off of dogs. Sometimes C would punch the 
teacher with his fists and would continue to do so until he was reprimanded. 
Often times, he called it playing but never knew where to draw the line. C 
seemed to scream out for attention. 

C was very emotional but refused to show his emotion. When he was disci- 
plined, he would often show tears, but never cry and would clam up and refuse to 
talk about his problems, 

C handled money on several occasions that his grandmother w-ns not aware that 
he had.. It seemed as if he had used money earmarked for school supplies to pay 
off children on the way to school to keep from being beaten up. 
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C held most things inside and seldom talked about his inner feelings and 
rarely smi.led* He had a poor self-concept based on a Self-Concept Test admini- 
stered by the guidance counselor* His test responses indicated that he liked 
his teacher but didn't think the teacher liked him* It al^o revea3ed that he 
was half haopy with himself and half sad with himself* \ 

C did not want to be thought of as a "good" peFson but preferred to be la- 
beled a "bad" person* He detested stars for good deportment or achiev^ement* C 
seemed to. enjoy TV and would watch it very attentively* Academically, C'^ per- 
formance was below average in the first grade* With the proper motivationNand 
interest C could have worked on an average or above level in most areas accor- 
ding, to his teacher* On the Comprehensive Test of Basic Skills (CTBS) admini- 
stered at grade 1*6, C's grade equivalent scores were 1*4, 1*5 and ♦S for read- 
ing, language, an3 mathematics, respectively* \ 

During second grade, C made considerable progress m his academic studiesl 
His entering second grade ^.^tis-Leryion IQ was 81* On the CTBS administered at^^ 
'grade~276," C~had~ia^rade equi-valent-scores-of 2^-8-,— 2-.^-and--2^6 in- reading, Ian- ^ 
guage, and mathematics, respectively* * * . \ 

C had an entering KeyMath ^^rade.*«Bquivalent of 1*8* He could compare the \^ 
numerousness of sets of ninet;Or fewer 'objects and could find .the inissing ^'numbei^ 
in a sequence such as 1, i, He could not identify missing numbfers fdx 

sequences such as: 6-, 7", , 9; _, 19,; 98; 99, , 101* Ke co'uld^add 2 \ 

one-digit addends involving sums less than ten but could not add^problems in- 
volving sums greater than ten without or with regrouping* Neither could he solve 
missing addend problem^* He dould not do subtraction problems involving minu- 
ends greater than five and subtrahends greater than two* The only mental pogjpu::;^ 
tation problems that C could handle were those involving a sum less tl\an five\ i 
He could solve five word problems involving the operations of addition and sub- 
traction* ' . I 



In May of the second grade, Cwas again administered the KeyMath test and j 
received a grade equivalent score of 2*5* At this time, C was able to identify \ 

missing numbers in a written sequei ce such as , 6, 1, 9; , 19; 98,- 99?. — I 

, 101* He could also add problems involving one or two-digit addends without \ 
or with regrouping* He could 'also subt:c:act problems involving regrouping* Therej 
were also a slight i.mprovement.i.n his ability to handle mental computations and \ 
wcrd problems* , ! 

On the PMDC second grade test in the fall, could^count from 6 to 15, 35 to 
46 and could count back from 6 to 1* He could not count by tens from 10 to 130, 
or .from 26 to 126* When asked to determine the numera" .represented by 3 bundles 
of ten straws and 7 single straws, C counted by ones c.*,d gave ten as his answer* 
He could not count by tens and ones to determine the value of a display of ob- 
jects or to form a set representing a particular number* C could not use count- 
ers to solve an additiorTof subtraction problem ah'd""diid not -ttempt to solve any 
missing addend problems* C answered 2 of 3 items correctly deaxing^' with concepts 
of "more" and "less" but was unable to order four numbers (2, 3, 5, 9) from smal- 
lest to largest* C did not attempt to answer any questions which called for ir^eh- 
tifying names for ^ the same number* (6+3 and 5+4; 4+1 and 3+2; 6-1 and 
^ 3 + 2; 5 - 2 and 4-1; 10-5 and 7 - 2; 4 + 1 and 7-2)* 
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During the spring of the second grade ^ C was given a PMDC retest. • At this 
ti'me^ he was able to count back from 44 to 25-, count by tens from 10 to 130^ de- 
termine the number of a set represented by 3 bundles of ten straws and 7 single 
straws.^ count by tens and ones to determine the value of a display of objects or 
form a set representing a particular number. C could also use counters to solve 
ah addition or subtraction problem and solved 2 out of 4 missing addend problems. 
C answered all items correctly dealing with the concepts of "more" and "less** 
biit, still had difficulty ordering four numbers (2, 3, 5, and 9) frpm .smallest to 
largest. C attempted and worked successfully all questions which were 'related to 
identifying names for the same number. 

As a second grader in tlie Tl teaching experiment^ C was assigned to the em- 
bodiment group (Ul) using sticks. Initially^ C was a behavior problem but even- 
tually became more interested and involved in his work and was less disturbing 
to- the "teacher and other pupils. Even, though of ten engaged in mischievous be- 
haviqr^u"ch as hiding "the teacher's pencil, notebook, or teaching materials, 
.there , was something likesOsle aJDout C. He grew fond of the teacher and on several 
bccasioris drew pictures during att perio^ds and presented them, to, the teacher..ji_ur-_ 
"^ngTtRe inathemati"cs perlp'dT^^^^ch-tiTrre7i±e teacher was-given a-pi-ct-ure^ she-^would^- 
thaiik .C.and hug him, ^nd he would light up like a Christmas tree. 

^ C worked well on most tasks and. often grew ^ red of stick manipulations-* ^ He 
looked forward to lessons at the symbolic level and would often -ask, "Aire we going 
to write today?" Sometimes C would make careless errors even thovi'gh he knew the 
concept because he wanted to finish first. He did not like to wait for the teach- 
.ers \o give instructions because he felt that he could figure out what to do with- 
out this help. C was often the first one to solve a difficult problem without 
cues or prompts from the teacher. 

Some' days C would have difficulty trying to stay awake during class time.' 
It was thought by his homeroom teacher that he stayed up late nights 'and did not 
■ get ,the-~prQper— r-est^ — — ~ " 

The following disucssion of *C' s work in the Tl teaching experiment is organ- 
ized under the following topics: place value, ^ordering, addition and subtraction 
without regrouping, addition and subtraction with regrouping. 

r 

PLACE VALUE ^ ' * 

Counting-,and ,forming, displays with sticks to repre.sent numbers less than 100 
was not a difficult task for C. He would make occasional careless errors but was- 
usually^ able to correct his mistakes without prompts or cues from the teacher. 
Although C could count stick displays at the onset of the. teaching experiment, he 
had difficulties reading terms sucfi as one, ones, ten, tens bundle, bundles, stick 
sticks, and filling in the blanks on worksheets containing exercises such as: 

4 bundles and 2 sticks 

tens and ones 



and 
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C could usually fill in the second line correctly but had trouble determining 

what should go in t^e blanks in the third line ( and ). It was some .time 

before he realized that he needed to fill^^in the value of his tens and the value 
of his ones. Eventually C overcame this ^difficulty and had no trouble filling 
in similar worksheet items at a later date. 

■ • - \V 

C could tell how many sticks he -had iniall for a display of 1-9 bundles and 
could show stick displays correctly fcn^ "numbers from 10-90 when given to him or- . 
ally by the teacher. ^ ^ . 

C would get sleepy and restless on occasion and often resorted to attention- 
se^eking behavior. When asked to write the^numeral for 65 on a particular day, C 
wrote, the numeral correctly using his. left hand to write the 6 and using his right 
hand to write the 5. While other children in the group would reverse digits when 
writing two-digit numerals, C never did this. 

Given a two-digit numeral, C could explain the meaning of the digits verbally 
in terms of tens and ones and, could .use..sticks> to .explain the numerals. On work- 
sKe ets > he. could write and tell the n umber of tens and ones -that were in a two- 
digit numeral but had difficulty determining the numDer'^'f^oiresi 7 7 

• \ 

Iti the spring of the year, C made a smooth tranrition 'to numbers betweeij 100^ 
and^20P represented by ^ three-digit numerals. C could count from 1-lOQ. by ones' in- 
dependently. .C was a good thinker and would often demonstrate this ability by in- 
dependent observations that he made. When shown a picture of 10 grov:ps of 10 - 
sticks, one boy in the group remarked, "That looks like 100 sticks." C followed 
with the statement; "That's, thetsame as a bundle of bundles;-". 

C had difficulties determining how many tens were in a nxnneral such as 150 
or in a picture stick -display representing a three-digit n\nneral. His respons^e 
v^jald_6±ten-denote-tha-^'umber--d'f^ rather— than-the-number of tens-; Sampi"es 
of written work further illustrate these difficulties. ^ 

Picture Display C's Response 

1 bundle of bundles 100 tens 

1 bundle of bundles and 150 tens 
5 bundles 

2 bundles of > bundles 200 tens 

; Translating aTnxfneral such as 150 from -expanded form to 'tens was d iffi- 

cult for C and he never seemed sure of his response. If there was any indication 
-tha,t he was wrong, he wouldvcorrect his mistake. - It was as if he had 2 'answers 
available and if the first answer wasn't -correct, then it would have to be the 
second one. Samples of written work indicate- these insecurities: ^ 

"6 tens, 1 hundred = 61 tens," later changed to 16 tens when he - 
discovered that his first answer was incorrect. 

"0 tens, 2 hundreds = _2 tens," later changed to 20 tens when 
he discovered that his first answer was incorrect. 
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C could count stick and picture displays for numbers greater than 200 and 
courit form stick displays to represent given numbers* Generally, he had no dif- 
ficultie's in* determining the .number of hundreds, tens, and ones contained in a 
three-digit numeral. ' Sometimes, C would make careless errors such as: 

140 = _1 hundred, _0 tens, _4 ones 

C had difficulties reading three-digit numerals and rarely made mistakes* 
C also had^the ability to change a^given stick display so that it would show 'the 
same nuii±)er but with "more tens" or "more h^^idreds," 

* A*t the end of the school year during the final evaluation interview, „C was^ 
able to ^transfer his concept of place value to a«new situation in that he w^.s 
able to represent 2 three-digit addends correctly with beans, a manipulative 
that was not used in the teaching experiment. Other novel situations proved too 
difficult for C such as: 

y , 

Determining the number represented by 2 hundreds, 13 tens. 

4""(Snes7 ~(C^ said the niiSiber repiTesente'd^was "234"")- 

i -Recognizing that 245 and 1 hundred, 13 tens, 15 ones were 

names for the same number; (C thought correct answer had 
to be "2 hundreds, 4 tens, 5 ones). 

When shown 156 and a picture display of 156 objects arranged as 14 sets of 10 . 
and 16 ones, C was unable to relate the numeral to picture and did not think 
the picture went with the numeral. He was also able tp represent sever^il three- 
digit numerals correctly using sticks, a familiar manipulative.. 



ORPERIiVG - . . 

c ' 

Ordering pictures representing numbers from 10 to 20 was easy for C. He 
was the first in the group to order these pictures correctly. C found the pic- 
ture for 10 first, then searched for the others .in order, 11, 12, 13, . . . , 
29, 30. He looked puzzled when he was told that the picture representing 20 was 
left but was the first zo discover that it' belonged in front of 21. C had no 
trouble ordering the 40-50 sequence but had trouble ordering the 80-9C sequence, 
wiien given a set of bictures to order representing the numbers for 23, 43, 34, 
75, ?'0 and 70, C asked for numbers that he thought had been omitt^ed such as 24, 
25, etc. However, when told to order what he had, he was able to order the num- 
bers from smallest to largest. When.^presented a set of pictures depicting nam- 
bers between 110 and 200, C successfully ordered them. He did n6t search for 
a^'pattern but simply evaluated each picture. 

C had difficulty' reading the -phrases "is less than" and "is greater than" 
and also the correspondi>ig symbols { <i , > ) . . He had similar difficulties con- 
structing nui;±er sentences o,f the form: 

^".is greater than" 

"is less than" 

— >- — 

— < — - 




C frequently knew which of two numbers was the greater from a p:* rturfe or ■ 
stick display but had difficulties verbalizing or writing forrr-il st'i'- .cents to 
this effect. In time^ C overcame these difficulties and learned to deal with 
the formal statements in both written and verbal form. After appearing to un- 
derstand concepts dealing with: "more" and "less" in cc^paring two n\ainbers^ C, 
had trouble determining whether a particular sentence was- true or false. For 
example, he knew that "21 was less than 35" but couldh*' t ,tell whether the sen- 
tence, "21 is less than 35" was true iSr false. The words, ''true" or "false" 
did not have any meaning for C. Xet, if he was asked whether the sentence was 
"right" or "wrong," he could frequently give the correct response. 

After representing a particular number with a stick display, C could gen-- 
erally show 1 more, 10 more, 100 more, 1 less 10 less or 100 less. C was un- 
able to transfer this same knowledge to picture sets and often chose liie .incor- 
rect picture when asked to show a picture that represented ^0 more or itf less 
than a given picttnre. Pqj inst&ice, C showed the picture for 343 sticks when 
askeS^ to find a picture depicting 10 more than the picture representing 243 
sticks. Selecting pictures to show 1 more-or 100 more than a given picture^ 
_cp<arnprt gpcior •hKajn.-^LPl Prt-j ng thft picture t Q_£hQW lO more _j3ian'X"q^i'\^ 

Similar difficulties were observed at the symbolic level when C had to show 
1 more, I less*, 10 more, 10 less, 100 more., or lOO-lesB than a given number. 
Again, the concepts of 10 more and 10 less appeared to be more difficult than 
the concepts of 1 more, 1 less, 100 more or 100 less. 

During his fin^l evaluation interview, C*s concept of ordering enabled him 
to determine that 10 less than 253 wes^2Al^ Mhen-^asked-w hy 2'^3' was - c€> r-geet-r"-h^ 



replied, "You take away 10." When asked what number was 10 more than 137, C re- 
plied, "127." When asked why this was so, he repli^ed, "You add 1 more .ten." 
Apparently, C knew wK^t tcr do but did not realize that he had taken away a ten 
instead of adding a ten. C was also able. to represent a three-digit numeral 
using a stick display and then change the display to show more' tens. He also 
recognized, the fact chat he could regroup his sticks to show more tens but that 
the value of the number represented by the, original stick display, stayed the 
same. 

Amrioi^ m subthactlon without REGRomn'p 

' j i 

C had no real difficulties showing the additibn and subtraction of niimber 
pairs; however, he would make occasional errors due to errors in counting pic- 
, ture or stick displays .-^ C could select sequential pictures for a given addition 
problem and put them in order. He could look at a picture of a stick display 
representing an addition problem and could chow the answer with sticks. 



In the beginning, C had" problems recording addition problems and would 
sometimes put the numerals representing ones under numeral's, representing tens 
-and -vice versa.^ Samples -of his recprding^difficulties are noted below: . * 



2^ 



Z6 
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On worksheet exercises employing the following place value chart format, C had 
trofible filling in the blanks for the intermediate step* (Ones in all and tens 
in all).* . • 









ones in all 
tens in "all 




altogether 



Whence solved subtraction problems he would frequently use dovibie zeros 
(zeros in the one and tens place) even though he had been taught that the use 
of one zero was sufficient* For excimple, he would write: 



-CO- 



On worksheets that contained both addition and subtraction problems, C 
would sometimes overlook the operation sign and add when he should have been 
subtracting* An exaimpie of this errcSr appears in the following samples of his 
work: 



CO ■ 

_ 5 



-1& 
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When addition and svOatraction was first introduced, C did not have a com- 
mand of many basic facts* He quickly learned strategies for both addition and 
subtraction and readily used them when deemed necessary* 

Prior to being taught how to regrou£t, if C had problems such as 



he would not attempt to use siabtraction strategies* Instead C would subtract 
the smaller numeral from the larger numeral in the ones, column and bring down 
the numeral in the tens column* When asked to explain his answer of 11 for 
14 - 5, C said, "5 take away 4=1; bring down 1*" A similar explanation was 
-gi-ven for 16-7 and other problems of that type* 

After much practice, C bec£imfe proficient with most of the basic facts 
addition and subtraction* On a subtraction achievenent test, C scored very w 
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mmoH m smmcnou with regrouftvg 

C had some problems adjusting to both addition and subtraction Pjo^^^^ 
with regrtup'g.'' When he was first introduced to the ^^^^tx- f ^ j^^^?;..' 
had difficulty displaying,, the corre'ct nuntoer of ^^-^'^%°";^^^^"^f f " ^^^f - 

^tir^enf irar^^i—d^^uid^havri^^^^^^^^^^ 

^."Sirdrf^curty^as carried over to the iconic and symbol c le- s for 
awhile. When given a picture stick display representing 38 + 57, C solved it. 
as follows:' *^ 3^ 



ones in all ^ 

tens in all » ^ 

^ O C: (correct answer was obtained by 
/ V .counting picture stick display) 



^5€h^r^rrors that C madfe, wef6 di.* ,to-careless^ er-rors-in-basic_facts. 
ample, he- solved 58 + 28 as follows: 

■ ■ la^ . ■ ■- 



^F6r_ejc- 
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Per o whils, C had problems. learning to trade in prepa::ation for regrouping 
in- Jtraotlon S0«e o/his initial trading errors are ind.oated below 





J. 




0 



3 


10 


■ s . 


iO 


2 


r 







/. 


w 







Traaing, erruio wci-c; — - — 

by the 'fallowing sample of his work: 



trate4;by the follwing examples: 
/ 



So 2.0 3(3 

ISm'«;r 1"°"?" representing the smaller number of ones 

-31 - 9 

S™;;!"^'''* problems, C preferred, to put in an extra step even 



illustrated below- ■ ' "S""""- l^'^ "sOiod is 

-7- • . ■ 



- f , evaluation interview, C was unable to transfer his conceot 

IZVT^-f'' ^ ^ situation, that is, to the addition and subtraction of 
three-digit numerals in 6 out of 7 problems. suctracticn of . 

; Using sticks for the first .three items and pencil-paper for the last two 
Items, C's incorrect answers are noted below: ^or tne last two 

Sticks , o ^ 1 * ' - 
1 Pencil-Paper 

+J9£. ~ij2 ■ -H^ -fi 

li^^L*"""^"^"',^^^' ^ knowledge of regrouping to solve the following 

problem correctly with beans, a manipulative he had not been taught to usT 



. C^s procedure- was as follows: 

represented 245 with beans 



traded 1 hundred for 10 tens and showed ; 1 14 

.removed 1 hundred ; ~y^S ^ 

traded 1 ten for 10, ones and showed --r^ 13 15 

removed 4 'tens and 8 ones, * ^ 

showed for final answer -p ' 9 "7 



^I. THE CASE .OF V 
by - 



/^BIOGRAPHICAL ANP USVim IWmSkllOW ^ • ' 

^ D is a female child born February 2, 1968. She lives in a house shared by 
another family. D vand four other children, a seven year old brother, a four 
year old sister, a one year old sislter, and a four month old sister are reared 
-J by their mother. Although there is no father living in the home, D's mother 
provides her with love and affection and appears genuinely interested in her 
welfare. 

During the school year, there was evidence of a lot of commotion in the 
' .home Bnd D seemed to seek out situations which afforded her adult protection. 

Whenever she went on thr playground, she would always stay ^lose by he.r teacher^ 
• and would never join in games with other children. D' has very little self-con-'' 
fidenc^_. ' , ^ 

D's mother was pregnant for a portion of the school year and did not work 
outside th^ home. Her family would be classified in the lower socioeconomic 
level based on amnual income. 

D,. a very -soft spoken child, was- characterized by her teacher as having a 
totally passive personality. Other .children found it an easy job to walk over 
her. D never tried to form friendships with other children and had no real 
^ friends. However, she was* not disliked by otl-ier students in the room. In. fact, 
one of the 'smartest children in the room chose D to be -her partner on a field - 
trip and also selected her as^ a friend on a classroom sociogram. 

'D attended kindergarten, first, .and second grade at'the same exementary 
school. She was a poor speller and reader and was a participant in the ESEA 
Title 1 program which provided opportunities for needed individualized instruc- 
tipn. D eventually received help at home, and her reading and spelling ability 
iiriprov^. 
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D was an insecure child and never wanted to try anything new unless it was 
^a game- She thrived on positive reinforcement and praise* D would sit passively 
Xy. in^ the classroom and never say anything unless persuaded by the teacher*. She 
never ^aanted to go to the board or do anything individually that would focus at- 
tention on her, • • * * > ... 

- -^b was not ar'good student in the first grade. She scored below grade level 
on , the; Comprehensive" Test of Basic Skillr (CTBS) administered at grade 1*6 with 
grade eqtiivalent scores of ^6, •I, and .1 in. reading, language, and mathematics, 
respectively. 

During second grade, D was still functioning below grade level 7jtoweyer^_„ ^ 
there was a noticeable uip^ovement_in-her mathematics grade^ equivalent score on 
±helseeond"gi:ad^'Ct§s7'" Her grade equivalent scores for this test-were 1.2, 0.6, 
and 1.4 for.j^eading, language, and mathematics, respectively. Notice the 1.^3 
^ grade equivalent increase in her mathematics test score. Her entering second 
.grade Otis-Lennon IQ was 73. Although operating below grade level, D tried 
•hard ^to complete -all tasks even though she worked slowly and encountered numer- 
ous difficulties along the way. 

D had an entering. KeyMath grade equivalent of 0.7. She could compare the 
;riumef6usness of sets of nine or fewer objects but could not identify missing 

numbers In a written sequence ( ,'6, 1, , 9; , 19; 98, 99, . , 101). 

D could add two one-digit addends involving sums less than ten but could not 
add problems involving sums greater than 10 without or with regrouping. Neither 
could, she solve missing addend problems. D coulc? not subtract problems involv- 
ing minuends .greater than five and subtrahends greater than two. D could not 
p^erform successfully on any mental computation problems . She could only solve 
^.pne word* probievns which* involved the taking away of one^ object from a set of 
two, objects.' Having or not having a picture prompt did not seem to make a dif- 
ference in D's problems solving ability. ^ 

. In.Mciy of the second grade, D was again adininistered the KeyMath Test and 
received a grade equivalent of 2.1. At this tiit^e, D was able to identify the mis- 
sing ntomber in sequence I , 19) . She was still unable to add problems involv- 
ing- syms .greater than 9 without or with regrouping. D was able to subtract prob- 
lems such .as ^5 - 6; 8— 2; 16^- 12; 14 - 6. ^Sh/^ is still unable to subtract 
problems involving regrouping. D showed some imprpvement, however, on solving 
wor^ .problems presented with, a picture stimulus. 
» ^ • 

. On the PiMDC second grade test in the fall, D had nxjmfierous counting diffi- 
culties. She could only count from 35 to. 39 when asked to count from 35 to 46. 
D^CQuld not cq^.t back from 6 to 1 or from 44 to 25, She could not count for- 
ward'by tens, from ID to 130, or from 26 to 126. When asked to determine the n\m- 
ber of a set represented by 6 bundles of ten straws, D unsuccessfully counted 
by ones. She could not count by tens and ones to determine the value of a dis- 
/play of objects or to form a set representing a particular number. D could not 
^\ise counters to solve am addition or subtraction problem and had no success 

v^ith missing addend problems. D could tell which number was more or less from 
%ets of two elements {fl , 4I. ^8, 12 j , and (l9, 31^); however, she was un- 
able to order f our ' numlfers (2, 3, 5, and 9) from smallest to largest. D also 
experienced failure on all tasks requiring the identification of names for the 
'^ame number such as: 6+3 ^and 5 + 4; 4 + 1 and 3+2; 5-2 and 4-1; 4+1 
and 7 2. . - 
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During the spring of the second grade, D was given a'P^5DC retest. This 
time she was able to coxint from 6 to 15, cobnt by tens from 10 to 130, count, 
by tens and ones, . determine the value of a display of objects, and form a set 
t'epresentin9 a particular number • She still could not count by tens from 26 
to 126, solve missing addend problems, or identify names for the same nm±)er. 

J As a second grader in the Tl teaching experiment, D was assigned to~tKe 
teaching group (Ul) usiYig sticks* Of the six children who were originally, 
assigned to this group, b seemingly had the most dif ficulties^jjfith tasks at 
the manipulative, pictorial, and symbolic levels. She was usually the last 
one to finish assignments and frequently made the greatest number of errors. 
For some topics, D worked/successfuriy at the-manipulative and. picti^rial le-' 
vels but experienced a great deal of difficulty at the symbolic level. D 
took longer to develop concepts and seemingly experienced retention difficul- 
ties within short time spcins. 

The teaching of a new concept or procedure to D sometimes blotted out a 
previously learned concept or procedure. ' 

' When .the experiment first began, D lacked self-confidence and would copy 
what she saw the others doing; however, as time , progressed, she gained more 
self-confidence and showed more independence in performing tasks •'^ ^ 

The following discussion of D's work in the Tl teaching experiment is 
organized under tlie following topics: place value, ordering, addition ahd 
subtraction without regrouping, addition and si±itraction with regrouping. 

PLACE VALUE 

Countipg and forming displays with sticks to represent numbers less thcin 
100 was a difficult task for D for a long while; however, she slowly overcame 
some of these difficulties. Initially, counting difficulties were due to D's 
inability to do rational counting. If she were counting a stick display, she 
would touch some of the sticks and skip over other sticks and would not real- 
ize that she had not accounted for all sticks in the display. D would fre- 
quently lose her place in the counting sequence and have to start over. She 
had trouble recalling the !l^st number she had counted before adding on to a 
stick display and would usually have to recount the entire display. D even- 
tually learned how to do rational counting. 

D also had problems related to the counting of 2 displays of sticks to 
obtain the total. She was shown the following stick display: 



D counted each set separately (6, 2) and said that the total number of sticks 
was 62. For a similar display consisting of 2 sticks and 7 sticks, she said 
that the total number of sticks was 27. For D, the total number of sticks in 
two different sets appeared to be the number formed using the numerals assigned 
to the total in each set. When shown a display of 14 sticks as 1 bundle and 4 
sticks, D was unable to count the sticks or write the answer. She knew that 
"there were ten sticks in a bundle but could not count by tens and ones. D 
would either Count by ones {*':;ne, two, three, fdur ..."), or she would count 
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by tens ("ten, twenty, thirty, forty, fifty • • /.*)• It took D a considerable 
period of time to learn to count by tens and ones, especially, for the members 
between 10 and 20. She was veryo proud of her accomplishment the day that she 
learned to count from 10 to 20 independently. 

When writing a two-digit niameral, D would frequehtly^reverse the order of 
the di'gits. For other numerals^ '*/hat D .wrote had no relationship to the numer- 
als in the number being represented. Sometimes D would count a stick or pic- 
ture display correctly and give a correct oral .answer for the total number of 
sticks but would be unable to transfer the oral answer to the corresponding 
written symbols • * * . - 

^When^asked^to^medce- stick -displays for particular numerals, D's stick dis- 
plays were frequently incorrect • For exaunple, when asked to show a stick dis- . 
play to represent 38, D exhibited 7 bundles. This would suggest that D did not 
interpret 38 as 3 tens and 8 ones. 

X 

D never appeared to be thinking about how she would solve a particular 
problem. It was as though, "I'm expected to give an answer, so I must 'say' 
something or 'do' something." Rarely, if ever, did D say, "I don't know how • 
to do that" or "I don't know the answer to that question." ^ 

Filling in the blanks on worksheets also proved to be a difficult and 
sometimes laborious task forD, For a long while, the words tens , ones , bun- 
dles , and sticks were words that were read but had no relationship to the niom- 
erals used in representing a particular number. For a picture display showing 
four bundles and 4 sticks, D filled in a worksheet item aS follows: 

^ ' 40 bundles and _4 ones 

4 tens and _4 ones 

40 and _4^ ones 

44. 

In filling in blanks in response to a number read by the teacher, D would 
have difficulties similar to the ones indicated by the following sample of her 
work. 



Number read: 



42 



D's written response ; 
4 tens and 2 ones 



24 and _2 
42 



D arrived at the correct answer by recounting the picture display. 

At first D had trouble determining how many tens and how many ones were 
in a two digit numeral and had difficulty equating 1 ten with 10. Eventually, 
D overcame this difficulty, however, she never really felt sure of .herself when 
asked to de^termine how many ones were contained in a particular two-digit niam- 



ERIC 
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eral* 



In the spring of the year, D encountered additional difficulties in try- 
ing to adapt to three-digit numerals between 100 and 200, She had problems 
counting and forming stick displays to represent numbers between 100 and 2Q.0. 
When shown a picture of 100 sticks and asked to count orally in a group situ- 
ation, D did not know what nvimber followed 99 in the counting sequence.^ When 
counting stick displays of bundles representing numbers which were multiples 
of ten between 100 and 200, D would not know what to say after reaching 100 
and would usxaally start the counting sequence ov^er again. For example, D 
counted 15 bundles in the following manner: . 

"10, 20, 30, . . . , 100, 10, 20, 30, 40, 50." 

When given a stick or picture display containing bundles of bundles, bun- 
dles, or sticks, D had.dif f iculty determining the total value of the display 
as well as the number of tens and the number of ones in the enjtire display* 
When shown a stick display of 10 bundles and 1 stick and asked^to tell how 
many sticks in all, D responded, "110." D.'s difficulties were-^ carried over 
to her written work as indicated by the follwoing samples of her written work* 

Teacher's Display D*s written responses ; 

15 bundles 

10 bundles 



19 bundles 

20 tens = ' 200 tens 
Other worksheet items answered incorrectly by D were: 

160 = 61 tens 

130 



19 tens 

Translating a numeral from expanded form to tens was am equally dif*- 

ficult task for D as revealed by the following responses: 

6 tens, 1 hundred = , 20 tens 

0 tens, 2 hundred = 0 tens 

2 hundred, 0 tens = « . 20 tens 

Numbers greater ttta^i 200 had an even more devastating effect on D's per- 
formance. Counting, interpreting pictures of stick displays, and representing 
nim±)ers with stick displays was very frustrating at times for D. Samples of 
her difficulties were: 

21 



100 tens 

X 

90 tens 
18 tens = 109 



0 hundred, 3 tens 

1 ten, 7 hundred 



Nximeral to be displayed ' 



with sticks; 



D's Response 



271 "5 "241" 

stick display given ; D's Response ; 

2 bundles of bundles "240" - 

and4'Sticks (coiinted; "100,200, 

210, • • • , 240") 

Picture Displayed ; , ' D's Response ; 

2 bundles of bundles "80" 

and 6 bundles ' (counted; "10,20, 

30^, r • . , 80" r ■ ^ " 

D frequently counts bundle? of bundles cind ones as "tens"' and tens as "ones 
D never learned how to read three-digit niomerals independently. When asked to 
read -three-digit numerals, she would respond by telling the number of hundreds, 
• tens r and ones she thought the number contained, 

. "At the end of the school year, D's concept of place value left much to be 
desired; and this was borne out in- her .final evaluation interview. Place value 
difficulties manifested during the interview were similar to the ones D had en- 
countered throughout the schoQl year such as; 

(a) Inability to distinguish between tens and pnes, and ■ 
hundreds cind tens on occasion when reading and writ- 
ing numerals; 

read 156 as; "1 hundred, 5 ones, j6 ones 
. read 524 as; "5 tens, 2 one.s, 4 ones" 
read 173 as; "17 -r 3" 

(b) Inability to determine the number of tens in a given 
number; 

J E; "How many tens are in 156?" 

D; "14 tens" 

(c) Inability to relate a number and-a picture, fepresenta- 
,^ tion of the number; . , 

,didn*t think 156 was depicted by a picture display of 156 
objects 

(d) Inability to show correct stick displays to represent ^ 
a number; 

represented i48 as: 1 ten, 4 ones, 8 ones 
represented 183 as; 1 ten, 8 ones, 3 ones 
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Lastly, the final evaluation interview showed that D was unprepared for 
transferring place value concepts to new situations. When shown the following 
problem/ D' was unable to determine the number it represented: 

H T 0 
2 13 4 , 

When shown 245 = _1^ hundred, jL3 tens, 15^ ones,. D did not think that this was 
-correct but -was unable to tell why she thought it was not'"correct. 

D did not know what to do when told to order pictiires of, manipulatives 
representing nvunbers from 10r20. She watched to see what her classmates were 
doing and simply imitated their behavior. After improving her counting cdbili- 
ty ,- she was then able to order the pictures wi^out promptings D 'had consider- 
able difficulty ordering .picutres representing nvunbers: from 20-30. She could 

not keep track of the nvmierical values of particular pictures and re counted; 

the :same picture^ several . ti^es. 6" did better with the 40-^50 sequence. It 
appeared that for this picture set, she^ ordered the pictures on the basis of 
th^ nvimber of ones rather than determining the value of each pictuj^.e as she 
had done previously. Ordering difficulties seemed to have returned when D 
atten^ted -to order the 80»9C sequence. Again, she attempted to determine the 
value of each picture and was unatble to remember what she had counted and had ^ 
* to recount ninnerous times . D never learned how to order the larger numbers 

such as 110-200 and copied what others ^were doing. ^ 

t> ' ^ 

D could not determine which of' two sticks or picture displays was "more, 
less, greater, or fewer." If the two displays each involved bundles and sticks, 
she would pick the o^s that contained^,^the most bundles to represent the greater 
number. If, however, the nvimber , of bundles in each display was the same, D was 
unable to look at the ones and determijie .which display was "more" or "less." 
b had difficulty reading phrase^ and symbols for "is- greater than" ( > ) and 
"is less than" ( < ) . She had similar, difficulties constructing number sen- 
tences of the form: 

"is greater than" 

"is less than" 

— ■^>— . 

D had no "idea when to use the, "is greater than" or "is less than" symbols (< , 
> ) and did not know how to read sentences such as: . ' 

• ' • 3 <'5 > ' . 

5 > 3. 

D never knew when a sentence containing the "is greater than" or "is less than" 
phrases or symbols was true or false. The terms (true, false) had no meaning 
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for D* Her answer was either a guess or the repetition of an answer given by 
someone else. 



After representing numbers with stick displays , D had trouble deciding what • 
she would do to show 1 more, 1 less, 10 more, 10 less, 100 more or 100 less* .She 
finally got to the point where she knew that she must add additional sticks to 
show "more" and take away sticks to show "less" but she frequently had trouble 
deciding which sticks to add or take away. Should it be ones, tens, or hundreds? 
p never seemed. sure and often chose the wrong sticks. For example, when asked to 
show 1 more than 53, D added an additional bundle to her display of 53 sticky. 

•i- " • ' »^ 

During her final evaluation interview, D's concept of ordering did not. enable 
her to determine the number .that was 10 more than 137 or 10 less than 253. .When 
asked, "What number ia 10 more than 137?" D's reply was "700." When asked, "What 
number is 10 les^ than 253?" D's reply was "500. "_ D* s_concepjL.of_ ordering. le£t-_ 
-much • t o-b e de s ix e d7" ' 



AWmOhl AHD SU8TRACTI0W WITHOOT REGROUPWG 



D had trouble with addition and subtraction problems without regrouping at 
the manipulative, pictorial, and symbolic levels. 

At .the manipulative level, D did not always represent the addends correctly 
when working addition problems. Similar difficulties were encountered in repre- 
senting the minuend and subtrahend in subtraction problems. On occasions, D would 
correctly set up problems but would make numerous counting errors which led to in- 
correct answers. - r • ,, 

When using a form board to work addition problems, D would frequently join 
he^ tens first. For a long while, D was'^ dependent on the form board and did not 
wciht to attempt any addition or subtraction problems at the symbolic level with- 
out it, but eventually developed a bit of confidence and attempted to work with- 
out it. Eventually D got to the place that she did not want to use the form 
board, especially when the other members of the group were not using theirs, but 
she made so many mistakes without it, she was encouraged to return to the use of 
the form board. 

^^nen working with pictures, D had trouble selecting sequential pictures for 
a given addition problem and putting them in order to show addition. D would se- 
lect pictures based On the total number of tens and not realize that the ones were 
incorrect. D also had trouble translating addition picture problems into their 
coi responding written symbols. Samples of her translations from pictures to sym- 
bols for addition problems appear below: 



Picture 




D ' s translation 



5 
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In each of the above samples, D has represented the problems incorrectly 
symbolically but her answer seems to, reflect that she had some notion of the 
concept of addition in that she used thf pictures the determine the total ntun- 
ber of sticks. ' - 



Similar difficulties were encountered by D in translating pictures for 
subtraction into written symbols as noted in the following samples of her work. 




standing of the concept of si±>traction. This was borne out at the symbolic 
only level' in D*s response to problems such as: 

- ? ■ - £o . / 3 

In these and other subtraction problems, D simply brought down the minu- 
end for the answer instead of subtracting the subtrahend from the minuend. 
In, working subtraction problems involving two-digit minuends, it was not un- 
common for D to subtract the ones and forget to subtract the tens or vice 
versa. This was borne out in samples of her work below: 

?^ LC 93 
"J. ' 

I V ^ ■ ■. . ■ 
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D also had trouble trying to dacide where to record her ones and tens in 
using the place value chart format for both addition and subtraction problems 
as noted below: 



Picture 




D's Translation and 
Recording 

91 s 




9 
o 



s 



In the previous example, D*s answer' was correct even though she had a faul- 
ty algorithm. D had learned to count some picture displays correctly and knew 
that the algorithmic answer corresponded to the total value of the stick picture 
display* D also had recording problems when^ she was not using the place value 
chart format. Often times, she would place ones under tens and tens under ones 
as illxastrated by samples of her work below: 



CO 
C o ■ 



I 3 
¥ 

/ 3 



(placing tens under ones) 



(placing ones under tens) 



For numbers less than 100, as" long as D was given bnly addition problems 
or only subtraction problems, she eventually learned how to translate the stick 
or picture display into written symbols. Whenever the operations of addition 
and subtraction were combined on a single worksheet, D had difficulties distin- 
^guishingj^^etween addition problems and subtraction problems at both pictoria. 
and syrn^lic levels • Even when the operation signs were written beside the 
probldm, D still continued to confuse addiction and subtraction problems. 

D was weak in basic facts and was taught strategies .to use for finding 
needed facts in addition and subtraction problems* As long as D focused on a 
single^ strate^, she did all right; but as soon as she had to switch from an 
addition strategy to a subtraction rtrategy^ she became thoroughly confused 
and made nimaerous errors. ' • 

With the passage of time", D improved-^on translating stick displays and pic- 
ture problems for addition and subtraiction problems involving two-digit numerals 
into symbolic %orm. However, place value concepts, knowledge of basic facts, 
algorithmic and recording problems continued to follow D throughout the Tl teach- 
ing experiment. She never knew which strategies to use for addition or which 
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ones to use for subtraction. 



D wanted to continue the use of her form board for addition and subtrac- 
tion problems involving regrouping at the symbolic level because she felt in- 
secure without it. \flisnever D was ervcouraged to work without her form board, . 
she 'did so, but her work seemed laborious and tedious and numerous errors 
were made. 

In subtraction with regrouping, D was plagued with "txaditig" problems 
and 'spent a considerable amount of time trying to learn how to deteudne when 

trading was necessary. Eventually, p_jandersto^od_t^ supposed to^ 

^trade^whenever she didn"*"t"have enough ones but she did not always apply this 
rule and would .frequently subtract the smaller nvkiber of ones from the larger 
number of ones or add the ones together as indicated by her work below: 





kWlim m SUBTRACTIOW WITH REGROUPIWG 



i 



D had numer'ous difficulties with addition and subtraction problems inVolv 
ing regrouping at all three levels — manipulative, pictorial, and symbolic. D 
did not appear to ever completely understand ideas of regrouping and renaming. 
She did not seem to understand that a number could be represented in more than 
one-way. When asked if 12 ones were the same as 1 bundle and 2 sticks, she 
replied, **No." D also had trouble answering the question, "Are there less than 
10 ones?" When the question was rephrased, '*Do you have enough to make a' bun- 
'dle?" she would be more inclined to answer correctly. 

Some of D's errors in ^addition and subtraction involving regrouping at 
the manipulative level were -due to her inability to count accurately and repre 
sent numbers correctly. D also had' difficulty at the iconic level showing ad- 
dition problems with sticks based on a given picture display and finding pic- 
tures corresponding to selected oral statements of an addition problem. D 
was never able^xo explain the regrouping process without prompting from the 
teacher. In fact, she did very little verbalizing unless asked a direct ques- 
tion . 



''When working at the syxhbolic level with pictures < 
worksheet prc^lems such as the following 



D had difficulty with 
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I 

9 



9 

4 
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The intermediate .step ("ones in all"; "tens in.'ail") 5averV,cpnslderabJ.e ''diffi- 
culty/ She frequently counted the ten that,,ihfe got as a .xesu,]'?^, o^ ^trading ,t^ 
that is,, once on the "ones .in all" line and^' again on 'the -'-tens, i 
Errors "in basic facts continued, to boliher D on addijbion and siab traction problems, 
jirl^th regrouping. Strategies .^^or finding .unknown facts continued to.be cgnf usi,iig^ . 
to'D*' In preparatory .^exercises involving the concept-5>,f Pi s 'responses 



on many exercises were as' ^Jollows : 









5 ■' 



V 



5- 

-5 



When D attempted to traide, she did not seem to know what she was doing. It .was 
as though she tho^ugjit yotrmuist rename both the tens^digit and the ones- digit but. 
no particular rule was to be employed in the remaining process ^ag .ilridicated by 



examples of her^ork below: 



3 lO 



On worksheets involving both addition and subtraction problems/ D had diffi- 
culty trying to decide which operation to use and attempted to incorporate both 
operati^ons into a single subtractiqn problem as illustrated below: 



2? 

9.C 



5L 
2± 



-39 





4f- 












■ Zo 




- ^3 



On written work, D often added or subtracted the ones first which led to other 
problems when regrouping was involved. 



During the final evaluation interview, D was asked to solve three-digit ad- 
dition and sxjbtraction problems with regrouping. not only had difficulties ^ 
representing various ^numerals with sticks, but counting, place value concepts, 
regrpi^.ing, and recording problems were again manifested. D was unable to apply 
her concept of regrouping to a new situation, that is, the addition and siabtrac- 
tion of three-digit ntamerals with regrouping. 
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11/.;: THE C''^^^^ 
Stewa/Li Wood 



BIOGRAPHICAL AWP" TESTIW6 mwMnOk 



^^"F was- born^epteinber 21,^1968, the youngest of seven children. One .broth^- 
er as"^2[year older^.thaa Fr the other siblings .are much older and out of school. 
^ For-^^a perioc^ of her life, F\W^s passed from axint tq^aunt; ,she now. lives with 
-^her grandmother, who has adopted her. ' * - ' 

T *has attended the same school in both first and second gr^de and .has. 
^been in the Title I reading program ;j30th_years . In general her communi^eftion 
^ ^ skills are not. good; she began second grade in the lowest grov5)^*for<^every sub- 
^ J jec£ e^Ccept math. She is conscientious about her work, likes to be done, first, 
and.. is upset if she'^'has-^tp redo an assignment. '-^ 

^ « F IS a ^ happy child whO' likes adult attention.. Her ^lassmates regard her 
.as something of a teacherj,^, pet and tend to isolate her^^from play., groups. ''^ She ' 
^ "^j^irs^liot strongly .disliked, howe^^er, and always has something to< do. F has a 



" creative .imagination aJid a good sense of 'hunior*^ 



^^^ath ^is F's best subject. Dtiring first grade j^e rg^ceived special .daily 
smalP-group instruction ^as. part of a PWbc experimental group ; * This work cen- 
tered on addition,, subtraction, and" equaiity. ilfelseemed to thrive in having, 
a "speciar^- math teacher and consistently outperformed ^e expectations that 
resiflted,.f romper O,tis-Lerinon ^IQ ;qf 90.) \ ^ '"^^ ^ ^ 



In the fall of second grade, F's KeyMath grade equivalent was 1.-9. 
able to do one-digit addition cind subtraction* in %ot^ concrete emd 



She 

was able to do one-digit addition cind subtraction' in T&otK concrete and symbol- 
ic fprms, but not two-digit problems. She could solve simple •* story" problems 
accompanied by pictures, including a partition-:division prdlSlem (8-^2 ^ □ ). 
Her command- of money, time, and measurement skills was at or above gradq level. 

^^^"v^lfii May of her-*econdtgrade yearv F again- was given the KeyMath Test, scor*- 
r:ing, a grade eqmvalent of 2.6. F' shoWS^d growth in counting skills involving 

^H5f-;*^the comp^retion of a sequence ( , 6, If , 9 or'^^S,' 997' ^*f-Ai01) ^nd in^addi- 

x«u '^PCt ^'•^ subtraction skills— she now could do two-digit problems involving re- 

il^r'V^'V" .«».^,S^ouping. F showed a marked improvement in mental computation and nrunerical 



^^'iJ^^^fyii^^^^^^T^9t solving such problems as 5 + 5 - 4 + -7 (given 'orally and solved 
^ mentjally) and " A + 9 « 10, - A = □ ; what number goes. in the box?" 
There was little change in her'^performcutce in the practical aresis of money and 
measurement, in which she had received little instruction during the year. 

On the PMDC test given at the beginning of grade two, F counted by ones 
successfully on all tasks, except 44 to 25^-ttaLCk^wards . She could counts by tens 
to -100. "F was able to count and to construct* se^s- of ^strawsr ^.(bvindles of ten ^ 
s^*" and single straws) for two-digit numbers ,>^but was not able to use colored * 

,poker chips (red c];^ipS'Jfor 'tens>,^whi:te^',^r^ to do the same tasks. She 
could use"^beans, jfO' illustrate cin*d soive addition problems (2-+ 4, 18 + 5) ^'but 
not Subtraction " (7' - 3, 23 - 7)/* While she correctly identified 1'2 as more . 
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than-8,-*3he also identified 7 as less than 4 and 19 as more than 31. ^ 

In ^.the spring, P still had a few difficulties with the counting tasks She 
oTnittVd 40 an<C 30 in: counting from 44 to 25;' she needed a prompt to count by tens 
from. 26 to 106 • She succeeded on all the place value tasks ^ using both chips and 
starawSf and she performed additions and subtractions with ease using beans* On 
orderAng tasl^s, she erred only in identifying 19 as more than*31* . 

On the Comprehensive Test ^f Basic Skills, administered at grade 2.6, P 
scoredlan*' overall grade equivalent of 2.3, with reading scaJes in the 18-25 per- 
centile range (2*0), language scales, in the 17-63 percentile range (2*3), and 
maith/scales in the 59-86 percentile range (3*1) • ^ ^ 

During her year in second grade, P was assigned to the group {U2) using 
Dienes blocks* Overall, she responded well to mathematics instruction; sh3 was 
anxious to please, to work quickly and accuratlely* She particularly liked "writ- 
ing work" .as opposed to or.ally-directed work with Dienes blocks or with pictures, 
pos^sibly because the "writing wpxk" involved a product which she could proudly 
save. She grasped new concepts easily at all levels of presentation - enaccive, 
iconic, and symbolic - and had little difficulty verbalizing or demonstrating" 
with blocks the/ symbolic processes she learned. She and another child in the 
group were, consistently the first to finish individual work and the most active 
contributors to group work, although of these two children, P was the more pa- 
tient with slower workers and often would^"help" "them by asking teacher-like 
leading questijons. 

PLACE VALUE 

Prom the! beginning, P had no trouble forming or counting displays or pic- 
tures representing two-digit numbers. If a display had one or two J-ongs^ and 
less than five units, she often responded immediately with the total. When she 
needed., to count, she counted by tens and ones (10, 20, 30, 31, 32, . . . , 36) 
or sometimes /did the tens immediately and counted on (30, 31, . . . , 36). 

Initially, P made errors in written work of the form 



• -'2-^longs and 3*. ones 
20 tens and _3^ ones 
2 cind '_3^ ones 
23 



done eitHer from a block display or picture. A discussipn of "tens" clarifying 
that she could indicate tens either^ by" using the word or by using a zero (place- 
holdar) helped, although she continued to make occasional errors, expecially 
with numbers involving 1 ten: 



10 tens + 
10 + 



JO ones 

o" ^> 



In ^pther written wqric she waB quite successful, including coinpleting expanded 
numerals presented in random order without blocks or pictures ten and "^6 - 
' >^ on^s' - 16, 90 tens^". * * ^ * 

« ' *. ' < . _ ^ 

- Of interest is the fact that after^. two^ weeks work, when she was first 
asked, "How much is 2 longs and 3 i^its?" without either blocks or a picture 
present, she couldnlt-answer. Thus her oral and written work with manipula- 
•^^^ tives didn't automatically prepare 'her for work without aids, although she 

was a quick liBearner- in either situation, ^ • . 

At her November interview, F was quick, .to. describe a number in three dif- ^ 
ferent. ways. (4 tens ..+ 6 ones 40 6, 46) • She chose an abacus (which she 
"^.^^^ had..not .used before) Ito , represent. 23, dipping 20 beads on one rod and 3 on 

another. However, in showing 32 on the abacus she flipped 20 beads ^'(saying 

"20"), flipped another 20 (saying '!30") and tJien flipped 2 more (saying "32")- 

Throughout thef^e fix .t weeks of work, F ,was able easily to explain ver- 
bally or with b^locks the meaning of each digit in a two-digit number.^ Her 

" 1 errors, even in an unfamiliar situation, seemed to .stem from rushing or from 
"not thinking." In most cases she was able to correct an error on her own 

' when it was brought to her attention. 

In the spring of the year, F easily embraced work with ^ three-digit num- 
bers. She readily identified 17 tens as 170 and vice versa. Given a pict\ire 
of' 125 in one form (1 flat, 2 longs, 5 units):, she could describe^a different 
picture, of 125 (10 longs, 1 long, 15 units) accurately by parts ("100 . . . 
110 . . . and 15 ones^'makes 125") without counting. When asked to -trade a 
display of 1 flat and ,2 longs to show 120 another way, she tired of always" 
trading a -flat for 10 longs and began to do other trades: 1 flat and 20 
units, or 1 flat 1 longhand 10 units. She had no trouble completing blanks 
_ of thje form: 

17 tens 
1 hundred, _7 tens 
170 

w,*^- "'given a block, picture, .or written stimulus for any one of the three lines. 

F could make an accurate blocW' display for numbers like 654 and describe 
it in terms of hundreds, tens* and ones. She had difficulty describing it as 
"65 tens ^nd 4 ones" without first doing or seeing the trade of 6 flats for 
*60 longs; On the other hand, she could count by tens with the blocks ^(376, ^ 
386, 396, . . /. ), adding a long to the display \jith'each number, and could 
bridge the hundreds change (to 406) without actually seeing or, doing the trade 
to 4 flats. She had considerable difficulty doing the same kind of counting 
by tens when working symbolically: 

. . 280 209 
197 27 

309 319 320 

' " ' " " ' ' ' 31 
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Counting by ones or by himdreds was easier for F, both with blocks and with- 
.,out. When using blocks, she would anticipate the next nuinber orally; when writ- 
ing without blocks r she occasionally bridged correctly into thousands: 



780 880 980 - 

> < 

709 809 909 




-In her final interview, F displayed three-digit nunibers using both blocks 
^ ; , and an unfamiliar manipulative (beans) . While she had some difficulty with non- 
•standard forms, she displayed considerable facility in her thinking- On one 
tasic she was shown the numeral "156" and a picture- of 14 ovals, each represen- 
* ^ting, ten, and 16 'small squa*-es, each representing one. She was asked. if the 

picture showed the number. This dialogue 'occurred: 

F: ^ No, ,you don't have enough hundreds. 
... .Question: But there are lots of tens. Maybe there are enough 

(F counts 10 tens and stops) 

^ Q : How many^ more tens : 

'^'F: 4, 140 ' ^ • _ 

Q: How many ones? 

F: 16 ' , ' ' 

'V Q= So? ^ , ' ^ 

J - F: 150 ' ' - 

Q: But I thought you said 140. 
^ F: I traded . . .it's okay. 




OJWERING 

During har work with place value, F had no trouble sorting as many as ele^ 
^ven^ictures to ^hos^ counting, with one exception. When asked to order pictures 
representing the numbers 40 to 50, she quickly placed 41 through 49 in order by 
counting the units in each picture. She then placed the pictures for 40 and 50 
to one side and said she didn't know where they went. Only after rote counting 
from 48 to 52 and from 36 to 42 did she 'realize where to place^the ends of the 
decade. 

In November, prior to receiving specific instruction on the concepts of 
more and less, F was shown the numeral 20 and asked what number is ten more. 
She answered,^ "30, because this number (20) comes before this number (30)." 
She did similar tasks using beans. Thus her concept of more >as already well- 
foinned* 

F began work with order relations by making or observing block displays for 
two two-digit nunibers and then making an oral statement o£ comparison. From the 
beginning she ^was equally facile in making sentences using "is greater (more) 
than" and "is less than." When asked to correct a given false statement, F used 
a variety of methods: She exchanged the numbers (17, < 71 to correct 71 > 17) ; 
she changed one number (62 < 64 to correqt 62 < 26) ; and she changed the re- 

32 
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lation (23 < 43 to correct 23 > 43) • When asked to complete a sentence like 
"23 is greater than • • • by showing blocks for the missing number, F mis- 
chievously used extreme numbers — including zero and 100. 

After the symbols " < " and " > " were introduced, F wrote sentences 
using " <r " whenever possible. She made few errors in using either symbol. 
In an interview several weeks later F was accurate in identifying the greater 
or lesser of two numbers and gave articulate reasons; however, she used " > " 
to mean "is less than" and " < " to mean "is greater than." 

In working with three-digit numbers late in the year F relied heavily on 
block displays,, although she rarely needed to actually count the blocTcs to 
know the new total. For 'example, with a display pf 87 she was asked what n\nn- 
ber is 20 more; she added 2 longs- to the blocks, said "107," and traded the 
longs for a flat. For 10 more than 491 she recognized immediately that a 
trade would be possible and simply replaced the 9 longs with another flat, 
saying "501." Similarly, fc5f^problems like "2 less th&i 371" she was usually 
the first child to see that a trade was necessary? she worked quickly and com- 
petently. 

At her final interview F was asked two oral questions of this type with- 
out any symbolic, picture, or manipulative cue^. She responded easily. 



AtTPITIOW AWP SUBTRACTIOW WITHOUT. REGROUPING 

when F first began writing additidh problems in vertical form, her colximn 
alignment was very poor. If she worked a problem like 60+3 with blocks, 
from pictures, or orally, she recorded the sum after observing the display, 
picture, or saying the answer. Thus columns didn't matter: 



lO 



•f 



5 



15 

However, even after her column alignment improved, she had trouble with prob- 
lems done without blocks or pictures: 



4 

1 30 f-ao 



?0 f-i. 



When asked to read such problems aloud, F immediately recognized her errors 
and corrected them. 

F's command of basic facts was good; when in doubt she added on her fin- 
gers quickly or, if blocks or a picture were handy, did a rapid visiual count 
of the total. When the addition form board was introduced, F displayed the 



33 



two addends easily. Often she announced the sum immediately., then combined the 
units "and the longs. After two days she rebelled against the formality of the 
addition board, saying '*I hate this ... I don't need it." 

was the first child in the group to verbalize that "it doesn't matter" 
whether you add the ones first or the tens. In her own work she was flexible, 
altihough she usually recorded the ones first. She had no difficulty at all solv- 
ing symbolic problems without blocks or pictiires, explaining (for 45 + 23), "I 
added the ones and I added the tens . . . 5 + 3 is 8 and. 4 + 2 is 6." 

F mastered subtraction with similar ease. She used her fingers more often 
for basic facts and was less resistant to using blocks and the siob traction form 
board in her first tasks. When blocks or 'pictures accompanied worksheets with 
both Addition and subtraction problems, F had no troioble distinguishing; when 
they were not present, she occasionally confused strategies: 



03 

At her February interview F worked a variety of addition and siabtraction 
problems. She worked quickly, using her fingers rather often. She recognized 
addition and subtraction problem situations which were described orally ("This 
bank has 32^; this bank has 6<: . . . " ) and solved the problems that were posed 
in her head ("30 . . . 2 . . . 6 . . . 38"). She was able to find and correct 
errors in given written problems. 

miTLOH MV SUBTRACTION WITH REGROUPING 

At the February interview, F anticipated work with regrouping. Given the 
problem''27 + 35, she counted 5+7 with her fingers and said "It can't be 12." 
Then she wrote 

r-3S 



and reached for the blocks. She counted 5, 7, then 12 units, counted 10 of the 
12 and said, "This makes a long; thatis 60 . . . 62." This occurred prior to 
any instruction on regrouping. On the subtraction problem 53 - 24 she was not 
able to break through, even with considerable prompting. 

As she began formal instruction in regrouping skills, F worked confidently. 
With blocks she did not count the total after a trade for "more ones" (e.g., 3 
longs, 5 units traded to 2 longs, 15 units) but knew that total was still the 
same (35). On the other hand, in a sequence of pictures depicting 'the same 
trade, she often did need to count ("10, 20, 21, 22, ... , 35") ^specially 
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when asked how many units there were (15) • Eventually, she latched onto the 
pattern of "10 more" and could say without counting that the units had gone 
from 5 to 15. ^ 



In adding two-digit nvunbers, P at first counted the ones-in-all, partic- 
ularly for sums greater than 13. She used a quick visual count or mental 
arithmetic for the tens-in-all and. found the final total mentally (e.g., for 
45 +38: "8 ... 9, 10, 11^ 12, 13 • • • 70 • • . 83" )• As she progressed 
into written work, she did more and more mentally, rising her fingers as need- 
ed and ignoring the blocks* She continued to use the long form, consistently 
combining the ones first: 




Even when she had to write the problem from a picture, worked mentally as soon 
as' she had recorded the addends (father than from the picture) , occasionally 
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P was the first child in the group to suggest trading in order to work 
the subtraction 45 - 37; At first she sometimes misjudged when a trade was 
required (Pictures accompanied these- problems) : 



V / 




One day she announced that she could tell when to trade "from the ones . . . 
if it's bigger here (subtrahend)"; however, the next day she traded on every 
problem, ignoring what she had written for the trade if she discovered she 
didn't need it: 

/C 



35 
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On her last day of classwork with subtraction, she did a series of problems 
this way:' ' ... 



When asked to explain one of them, she said "Oops . • • it should be 13 In 
the interview that followed in April, she worked this problem and explained: 




F: I had to take away from the 7 to get 4 so I could subtracts I took 



away 3 tens from 7. That's (the 4 in 14) for the 4 
not supposed to be there. 

(F separates out the 1) 
Q:, What about the 4 (in 14)? 

I took one "away from the 5. 
(F thinks a minute, scratches out the "6 and writes A) : 



the I's 
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The 4 ... I took away 4 from the 
How did you get the 1? 
From the 4. 

Would you read the problem? 
75 take away 38 equals 14. 
is tnat okay? 
Yes. 



In the same interview F worked 54 - 37 with blocks accurately except that 
she removed 10 units rather than 7 for the subtrahend. She worked 32-8 ac- 
curately with beans (cups of 10 and single beans). She was asked if the follow 
ing problem was correct: 
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JJ: 43 take away 26 . . • (works on fingers) • . equals 23. 
Q: Is it right? 

F: Yes, 'cause* 6 take away 3 • * no, you have to trade. 
• Q: What should be the answer? ^ . ' . " ' - 

33. . ^ . 

F had troiable at all* with addition in this interview: using manipu- 
latives, explaining, findihg errors. Her gross 'confusion about subtraction 
is puzzling. She seems riot to have observed the parallels between block , 
manipulations for subtraction with rfegrouping ' and the symbolic, notation, in 
spite of several weeks experience with trading activities and the stib traction 
process. She is not disturbed by bizarre symbolic results, and these examples 
suggest that she manipulates symbols without iryach thought to the nximbers and 
qualities they represent. The written subtraction algorithm involves many 
more steps, as well as strategy decisions, than 'does the long-form addition 
algorithm;- apparently F could not cope. 

' ^* . . ' * 

In the final interview F solved several three-digit addition problems 
requiring regrouping using manipulatives and one problem without aids: 

After several prompts from the interviewer, F waS able to correct the sum to 
608. With subtraction she also succeeded when manipulatives were provided, 
making trades accurately as necessary. On the problem without aids she be- 
came confused and finally gave an incorrect oral answer— 
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'V. THE CASE OF G 

By 

STEWART WOOP 

BIOGRAPHICAL m TESmG INFORMATION • 

G was born July 9, 1968, the sixth of seven children ranging in age } 
from 20 to 2. His three next older siblings are brothers, ageSv-9, 11, arid 
13. He lives with his mother and stepfather, both of whom aire employed - 
full time* 

G is a'Very private child; he> holds back„and.J.s uncomfortable alDOUt 
being touched. He .likes to work^ alone , at a desk by himself ^rather than 
at a group table. He does not contribute to class, will not answer 
questions, and does not like to be singled out — even for praise. He 
reads silently and falters vhen asked to read out loud. G is a-consen- 
tious worker, neat to the point- of perfection. 

Socially, G is fairly well-adjusted. ' His friends are mostly children 
who are "behavior problems/' but he himself avoids the tangles and scraps 
they get involved in. He is a good athlete. Although he obviously has 
friends, he sometimes prefers to stay inside (alone) and draw diuring break. 

^ Drawing is a consumihg pastime for G. His drawings are elaborate and 
detailed. He does them not for an audience or for praise, but to please 
hiinself ; they are a part of his private world. G has struck his teachers 
as a fairly bright child who is reluctant to learn; he sometimes seems 
hostile; he often is so quiet and withdrawn that it is difficult to know 
where his thoughts are. ^ 

G's test scores reveal below-average competencies. His Otis-Lennon 
IQ is 88. On the Comprehensive Test of Basic Skills administered at grade 
1.6, he scored an overall grade equivalent of 0.7, with reading scales in 
the 1-G percentile range (0.2), language scales in the 16-33 percentile 
range (0.9), and math scales in the 4-25 percentile range (0.6). On the 
same test administered at grade 2.6, his overall grade equivalent was 1.8, 
with a narrower band of percentile ranges (12-26) and grade equivalents of 
1.9 for reading, 1.8 for language, and 2.0 for math. 

G took the KeyMath Diagnostic Profile in September of second grade and 
scored a grade equivalent of 1.6. He was unable to fill in blanks in 

counting patterns ( ,6,7, ,9). He could do simple one-digit addition 

and subtraction problems given orally, symbolically, or in verbal problems 
with pictures, but he was unable to do any problems involving two-digit 
numbers.* Although he could not tell time, his command of other measurement 
topics was generally above grade level. His PMDC fall test results confirm- 
ed many of these abilities. While G could count from 6 to 15, he could not 
count from 35 to 46. He could count backwards from 6 to 1, but not from 44. 
With prompting, he could count by tens from 10 to 90 and from 26 to 96. He 
was unable to display or interpret a display of straws or poker chips rep- • 
resenting tyo-digit numbers like 60 or 37. On the other hand, using beans 
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he successfully solved problemf- like 18 + S^and 23 - rz He 'identified 
4 as less than 7, 12 as more than 8, but^he failed to order 2, 3, 5r 
and 9 from smallest to largest* ' 

' In the spring of second grade, G took both tests again. His KeyMath 
grade equivalent was 24. On this test he showed his greatest gains in • 
counting skills, symbolic recognition , addition, subtraction, money and 
time skills. He solved two-digit addition "and subtraction problems with 
regrouping. His success with verbal problems accompanied by pictures 
remained high. There was little improvement in his ability to do mental 
arithmetic. On the PMDC "test G co\anted by ones forwards and backwards and 
counted by tens from 10 to 130 and from 26 to 106. He succeeded on all 
the place value tasks, using both pokey chips and straws in, representations 
of two-digit numbers. He was still able to use* beans to solve addition 
and subtraction problems, and he answered all questions on ordering num- 
bers correctly.^ . - 

Thus on the PMDC spring test, G showed mastery of all the topics 
in which he had received instruction during the year. At the same time^ 
he couid not answer questions on topics outside the areas of instruction 
(e.g., missing addend problems), except in the specific topics of coin 
money and telling time. 

Duringrthe year G was assigned to the group CU2-) using^JDienes blocks. 
While at first he was happy to use the b.lt>cks in his work, he'came after a 
couple of months to regard them as unnecessary and .a bother- He became 
quite proud of his^ability to do problems "in his head" (without blocks), 
although he could occasionally be found^ using xhe blocks, hidden behind his 
work folder. Several incidents during the year suggested that he used 
mental images of. block manipulations in his work. G worked carefully and 
accurately. He would struggle with a hard problen until he had it figured 
out, rarely asking for help, but accepting help easily. He spent much of 
his. free time, and some that was not free, arranging his Dienes blocks in 
a cigar box - packing them tightly in layers, building configurations 
of horizontal and slanting planes. 

PLACE VALUE 

When G first worked with Dienes blocks in representing numbers like 
14, he was very methodical in trading a long for 10 units. He would 
carefully place ten units in a line next to the long, so that they looked 
just like the long, and then remove the long. Very soon he used longs and 
units to represent all numbers, even when asked to use only units. In 
counting displays and pictures, G counted by tens and ones ("10,20,21,22"); 
he stumbled at first over the order of 11,12, and 13. 

While G could correctly describe how many tens and ones were in a 
number presented with blocks, pictures, or symbolically, he occasionally 
reversed digits in writing numerals (96 for 69) or expanded numerals 
(14 tens and 1 one). This happened especially when tens, 10-90, 
were introduced; writing the zero was an afterthought, often placed on the 
wrong. side of the tens digit. 

39 
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G'was slow in mastering the vocabulary "tens, ones, longs, units." He 
was^ reluctant to read v;ords out loud and recognized ..them by their first letters. 
Only after several weeks did he become fluent. On the other hand, he had 
almost no trouble with exercises of the form: 

longs And ^ 

2-. 



ones 



tens and 



9_ 

a nd 9 ones 



on&s 



when accomp'anied by blocks or pictures. 

Later in the fall, v/hen- asked to name numbers like 67 in "another way", 
G showed" a preference for the form "6 tens plus 7 ones" . This was in .con- 
trast to the two slower students in the group, who preferred "60 + 7" 
(probably because it sounded more like "67", and to the two top students, who 
showed no , preference, G'was very proud^of skills^ and insights he had gained. 

One place value worksheet gave G particular trouble. He was given the 
'numeral and a picture representation for a number like 27. In some problems, 
either the longs or the units in the picture were circled, and G was asked to 
circle the corresponding digit and write the value of the circled blocks. In 
other problems, one of the digits was circled, and G was asked to circle the 
corresponding blocks and write their value. He erred on about half the exercises: 




^ <d © ^ 



21 



1 



@0 




In his November interview, G chose to use an a£>acus^o represent 23 
(flipping 20 beads on one rod and 3 on the other) and unifix cubes in rods of 
ten and singly to represent 32 (he chose 3 rods and 2 single cubes, without 
verifying that tne rods actually had ten cubes). 

In May, G studied three-digit nximbers. He quickly made associations 
between the form's "17 tens" and "170". Initially, *s had trouble with 20 tens, 
saying or writing 120 rather than 200. This cleared up when he worked with 
pictures of 100, 110, . . ., 190, 200 in order. When the form "1 hundred, 
7 tens" was introduced, he had no trouble associating it with 170; however, 
when it was accompanied by a picture of a flat and longs he was no longer able 
to identify how many tens in all, filling in worksheet blanks with " 170 tens". 

As his experience expanded to numbers of less than 1000, G* s skills became 
quite sharp. In counting by ones, tens, or hundreds with blocks, G could bridge 
hundreds ("386, 396, 406, etc.") without having to see or do the trade involved. 
Sometimes he had the longs carefully aligned so that they "became" a flat with- 
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out trading* Soon he was able to write a counting sequence several steps ahead 
of a block or picture 'display • 

4 

^ In counting backwards by tens he used his' finger to cover up a row or 
two of blocks in a flat rather than trade the flat for longs* At* no time, 
did he bridge into thousands correctly* - . " 

In his final interview, <3 demonstratecjl an incomplete conunand of-three- 
digit place value* Shown this place value chart ' 



hundreds 


tens 


ones 


2 


13 


4 



the following occurred: 

G (reading) : Two hundred — two hundred thirty-four 

(G is asked to show yith blocks, and he displ- i 2 flats, 3 longs/ and 4 

ones* 

When his attention is called to the 13, he changes the display to 13 longs) 
Q: How many is this? 
G: 2 hundred, 13 tens, 4 ones. 
Q: Can you change it to make more hundreds? 
(G trades 10 longs for a flat) 
Q:^ How many does it show? 
G:' 334 

(Interviewer trades the flat for 10 longs again) 
Q: How- many do I have now? ^ — - 

G: 2 hundred, 13 tens, 4 ones. 
Q: Altogether? 

G:_^ 234 - - 

OmRWG 

During his work with place va.lue, G had little difficulty sorting as 
many as eleven piccures to show counting (40 to 50 or 100 to 200 by tens) . 
In November, prior to receiving specific instruction regarding the concepts 
of more and less (but .if ter considerable place value work) , he was able to 
show ten more than 28 Deans by adding a cup of ten beans to the display and 
identify it as 38* Without manipulatives , however, he was unable to say what 
number is ten more than 20 and said that 34 is one more than 32. 

G began work with order relations by making or observing block displays 
for two-digit numbers and then maiking oral statement of comparison. At first, 
his statements were all of the form "41 is greater (or more) than. 27," Soon 
he used "less" withi>equal facility. By the third day ho stopped using blocks 
altogether, working eit.ier from pictures or numerals. He made few errors, 
even identifying oral statements as true or false accurately. When asked to 
correct a false statement, he retained the position of the numbers and 
changed the relation appropriately. 

41 
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The "syiRbols " <" and were introduced with a story about an alli- 

gator who likes to eat *'big numbers," G used the symbols accurately, draw- 
ing a set of teeth for several days (23<43)» Often he wrote sentences 
(correctly) using only the greater than symbol, regardless of the left/ right 
orientation of the display or pictures, 

.In a February interview (about 8 weeks after this work) , he correctly 
identified the greater or lesser of two numbers and gave coherent reasons 
("27 has only 2 tens, but this (41) has 4")* However, hs made no attempt 
use the symbols when asked to, 

■t 

In May he showed great facility with three-digit numbers.. Having only 
a bld^ck., display or picture for a number, he was able to name the number 
20 mor^, 20 less, ICO more, or 100 less without first chamging the display, 
Ee was adept at bridging hundreds: From a picture of 87 he said 20 more was 
107; from^a display of 491, he saiid 10 more was 501* 

Air ofXhis work wi,th more and less in May was done with either a block 
display or picture for the first number. In the final interview the follow- 
ing oral dialogue took place without cues: ^ 
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What number is ten more than 137? 
187 • \ 

Why is 187\ ten more than 137? 
No response\ 

What is ten more than 37? 
317 \ 

I want to know what number is ten more than 137, 
I do not know. 

It is evident that G depended on cues from the symbols (numerals), pictures, 
or manipulatives to do such problems, for without them he was lost. 



Awmou m suBTRAcnow without regrouptwg 



As did the other children in the group, G had trouble placing one-digit 
addends correctly in ^vertical form: 

He improved rapidly, however, and made few errors in sums whether working 
from blocks, pictures, or symbolically, 

v^hen the form board was introduced for adding two two-digit numbers, 
G displayed addends accurately anu gave the total after combining units and 
longs, usually from a visual counc of the manipulatives. Gradually he 
shifted to a mental sum, but when pictures were introduced, he returned co 
counting. This was apparent in the type of errors he made: 
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iTgailS he gradually sltifted to mental computation. He sometimes added the 
.tens first and often omitted the zero in the iexis partia^k-siito: 




Us might be expected, he shifteS ^sily to the short form for addition. He 
became very , proud of hls^ ability rto' work problems without the- ioarm toard .pr 
'blocks and made^Very few\errors. He explained problems'. -plearly; for 
42 +-36 he^.-^aid, "40 + 30 is 70, 2+6 is 8. . 4245^^^36 i's 78." 

In a*iiis'cussTbn of ways to read s\±)tractibn prob''.ems ("4 take away 3/* 
"4 minus 3," *'4 subtract;- 3" ) . G became ^i/ery excited //hen he found anpther 
way: "3 minus 4 ^. • .'Oh . ^^**^rt''abesn' t work." He easily used basic facts 
(6-4) to solve related. problems mentally (60-40) and, even when working .at a 
completely syiii)blic" level^ did not confuse addition with subtraction. 

When working subtraction problems with blocks, G made no errors, 
csually counting the remainder, 
re spons es: 



At first with pictures he made some unusual 
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These seemed to stem from miscounting or misinterpreting the pictures. As 
with addition he gradually shifted from counting the difference to sub- 
tracting mentally, and when he reached totally symbolic problems, he had no 
need (or dfesire) to use blocks. 

In an interview in February G worked rapidly and accurately, explaining 
siir^ly that he "added up the tens" or "took away rhe units." He illustrated 
problems with blocks accurately, and he recognized cind solved orally presented 
addition and subtraction stories. He was able to find and correct errors in 
misworkpd problems. When he was asked to use cups of ten beans and single to 
illustrate addition and subtraction problems, he used only the single beams, 
assigning them values cf ten or one according to position. 



AWinOU AMV SUBTRAC7I0W WITH REGROOPIWG 
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G used a variety of strategies in .learning-basic facts, sums 11 to 18. If 
the second addend was 7, 8, or 9, he mentally added ten and subtracted 3, 2, 
or 1, respectively (5+9.. .15-1. . .14)* For addends of 4 or less he 
added on, saying the numbers to himself (7 + 4 . . . (7) , 8, 9, 10, 11). 
Addends of 5 or 6 gave him considerable trouble; he became lost when he tried 
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to advi on, and he did not know what to sxabtract ,in using the first method* 
He^wsLS^-relujctant to use his fingers in adding...j>n (to keep track of how much 
he'had'"adde^)\ and^^eveutxiaily he resolved the^ptoblem wh^n he^ reali^z^ that 
he could commute the addends (8 + 6 • • + 8 • • .IG - 2 • • • 14)* 

At, the February interview, G was asked to solve 27 +35* He added the 
tens mentally '""and wrote. 5. He counted out 7 and 5 units, then the total, 
and-wrote 2 i^ the^ones co^-wmn* (total: 52) . The interviewer asked him to 
shol^^'^thfcl^QiLe^r^^ he did: He combined the longs, 

then the units, andf counted"^* 50 , 51, -. 59, (pause) . . 60, 61^/^^2a* 
Ori a spb traction problem reqoiiring trading (53 - 24) he wrote;;3©**^d could 
not resolve the difficulty of "3 take away 4" with blocks^ " 

The first formal instruction about regroupinq^4i'volved trading acti- 
vities. When G traded' for more ones (2 longs^r;^>^^^^ to 1 long, 12 units) 
he usually had to count to tell *the total-^^ter the trade, but he counted 
' the. ten units all at once: "10, 2^j^r^0^1lA With pictures he used the 
"ten more" pattern to tell immedi^f^iiy how maS^g^ones there would be after 
a trade. 

In adding two two-digit numbers requiring regrouping, G was quick to 
^ tire of^tha blocks. He did three problems with the blocks on the form board, 
following the procedtire carefully, and then refused to do any more. When 
the problems were presented in pict.ires, he refused to make block displays 
* to solve them; instead he counted the total from the picture, coianting the 

regrouped ones as. ten (45 +38: 10, 20, . . -70, 80, 81, 82, 83). At the 
^ symbolic level he used pictures when they were present, counting the ones- 
in-all ("10, 11, 12 13") and the tens-in-all from the picture: 




/J 

As he had done earlier in the year, he gradually shifted to 'forking the 
problems mentally, so that by the time /the pictures were removed he had no 
need of either them or the blocks. 
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The sequence was much the same for sxabtraction. In working with blocks 
he often forgot to reinove the long that he was trading for 10 units. 
After completing a subtraction problem on the form board with blocks, he 
had great difficulty recapitulating the problem: He would forget the 
original minuend and confuse the subtrahend with the difference. Problems 
presented^ln pictorial form were much easier for G to describe, and when 
blocks or picture^, were couple<i with the symbolic algorithm, G became very 
confident of the process. He soon refused to use the form board, although 
he used blocks surreptitiously to help himself with trades and some siab- 
t-raction facts. He explained 'his work 'with few words: 

44 ^ 

9^- 53 



G: "I traded. 12 take away 8 is 4." 

G distinguished consistently between trade and no- trade subtractions. 
He was less tcareful to distinguish between addition and subtraction, 
especially when the only cue was the operation sign. However, he began 
to use a short form for addition with regrouping, doing the entire problem 
mentally recording only the answer: 



G: I put the 6 down here and I put the ten up here (pointing to the. 
4). Then 4 and 2 more and 1 more makes 7. 

** *> 

At his April inter\aew, G worked problems Ui?ing both blocks and beans. 
He exhibited competence and confidence, doing most of the'caiculating.^ 
mentally. His explanations were clear and seemed to be based in his work 
with maniDulatives': / , 



-3^ 



3? 



G: I didn't have enough ones to get the 8 out, so I took a ten and 
got ten ones. Then I crossed out and put the 15 there (pointing) and the 
6 there. 

At his final interview G transferred his skills witt two-digit addi- 
tion and subtracftion to three-digit problems that required regrouping. He 
jhad not faced such problems before. Using both blocks and beans he solved 
jseveral problems successfully. He also worked a sxabtraction problem without 
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G: I had to trade « I traded /that for 10 tens ... I traded one 
hundred for 10 tens. 

* Of all the children in the Dienes block group, G seemed to benefit 
most from the progression from, blocks to pictures to symbolic work. He 
used the blocks carefully when first learning a new concept, but also vezy ^ 
proud of not needing them once he understood the process. 
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n THE CASE Of H 



• by 
StQj^aAt Wood 



BIOGRAPHICAL Am? TESTING IMFORMATION 

H was born December 8/ 1968 jnd is an only child. His parents aife " 
separated. H lives with his mother, who is completing ^her undergraduate 
degrej^at a nearby university. 

H attended kindergarten and was in the Title I program in first grade. 
As a December baby he is one of the youngest children in his class- He began 
reading at the end of first grade ^and throughout second grade has used free 
time in class to read. 



H likes to do things, actively, and not be judged right or wrong on 
the work he does- He constantly talks to himself, working out loud- If 
interrupted and told he is doing something incorrectly, he reacts: "All 
xightl I know, I knowl" erases what he has done-' and starts all over., 
usually incorrecTily- In class work he often tunes out oral directions, 
then begins working by doing what he thinks is right- 'when. reading, he 
skips words he does not know or makes up words in their place- He thinks 
of himself as both independent and competent, finding it difficult to accept 
guidance from a teacher or from peers* On .most tasks he works rapidly and is 
among the first to finish 

He is a loner — a sociogram of his second grade class showed no mutual 
friendships: one child named H as a friend, and H named only one (different) 
child as his friend* He is TV oriented- He was absorbed by Electric 
Company during the Title I program, and his conversation is noticeably more 
filled with references to TV shows than that of his peers- 

■> 

H's test scores reveal below-average competencies. His Otis-Lennon 
IQ is 36. On the Comprehensive Test of Basic Skills administered at grade 
1.6, he scored an oveiall grade equivalent of 0.9, with reaciing scales in 
the 25-45 percentile range (1.6),' language scales in the 8--25 percentile 
range (0.2), and math scales in the 1-5 percentile range (0.1). When the 
test was administered at grade 2.6, H showed well over a year's growth m 
his weakest areas. He scored an overall grade equivalent of 2.4, with 
reading scales in the 36-41 jiercentile range (2.4), language scales in the . 
31-75 percentile range (2.6), and math scales in tlie 14-17 percentile range 
' (1.8). Overall, although his IQ is low, H shows a capacity to learn and a 
potential for average at-grade-level performance. 

KeyMath, administered at grade 2.0, yielded a grade equivalent of 0.5 
and shovad some familiarity with concrete and oral addition and subtraction, 
coin money," and an inch ruler. H was unable to complete any written 
problems (like 1 + 3) . On the PMDC fall second grade test, H was able to 
count. animals in a set and to count back from 6 to 1 without prompting. He 
was ^le to count from 6 to 15 by ones and from 10 to 100 by tens with 
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prompting. He showed no understanding of two-digit place value. He was able 
to demonstrate and solve 2 + 4 = □ using beans / but not 7.- 4 f □ . 

In May of second grade, H was given each of these tests again. His 
Key Math grade equivalent at this time\*as 1.5. H showed some improv^itfe .t 
in his recognition of symbols (+, -/ =) / his counting skills./ and his famil- 
iarity with coins and telling time. His lack of success with oral problenis 
(3 + 2 = [j) and "story" problems was little changed. He was* able to do 
written addition and subtraction problems only if tliey did not involve 
regrouping. On the PMDC ,test H was able to count by ones forward and back- 
ward with only occasional prompting. With prompting he could count by tens 
frbm 10 to 100 and from 26 to 96. In a series of questions using straws 
and poker chips to represent two-digi*: nxMbers, H failed zo display or 
interpret correctly displays for 60, 50, 37, 45/ and similar numbers. Using 
becOis, H was again able to demonstrate and solve 2 + 4 = 0 or harder prob- , 
lems. At the time of this spring testing, H was able to identify which of 
two numbers was more, but not which of two numbers was less. Particularly 
on the place v^lue, addition, and subtraction tasks in these 1:wo ^'est, H*s 
performance fell short of his work earlier in the year, both in individual 
interviews, and in classwork. 

As a second grade student in the Tl teaching experiment, H was assigned 

to the group using Dienes blocks. Among the six children in this group, 

he was most verbal and the most restless. He was usually the last to master 

a new concept and often" coul si not handle at a symbolic level concepts or 

proxredures he had apparently mastered at a manipulative-verbal level. At 

the same time, there were many instances of 'his verbal-manipulative work 

consisting of rote mimicking of teacher-demonstrated procedures and statements 
. <■ 

PLACE VALUE 

One of the first characteristics H showed in working witt Dienes blocks 
was his apparent command of isolated facts coupled w?th his inability to use ^ 
these facts in cOiswering questions about blocks. For example, even though he 
could make the verbal statement that "10 and 10 is 20** and could identify 
a long as having 10 units, he resorted to counting the 'unit marks by ones to 
find how many units there are in two longs. Sometimes confusion seemed to 
lay in the words "ten" and "long"; "long" was the name of a stick that had 
ten units but "ten had no concrete referent: 

{with 2 longs and 5 units displayed) 

Question: How many tens are shown? 

H: 20 

Q: How many longs are there? 

H: 2 , , . • 

In determining how many blocks together in a mixed display of pictures 
of longs and units, H went through three stages of response. At first, he ^ 
counted the unit marks of the longs plus the additional units all by ones. 
This method led to errors due to the inaccuracy of his pointing and mistakes 



jAt his counting. After about a week, he began to count the longs by tens, 
but could not shift from tens to ones appropriately (for example, counting 3 
longs and 2 units as "10, 20, 30, 40, 50") • This stage lasted several v;eeks • 
tuid included work with numbers 11 to" 20, tens 10 to 90, and random numbers 
to 99. When asked to display a nupLor during this period, he would often 
not distinguish between longs and units (for 38 he showed 11 longs) • Toward 
tlx^e end of this 'stage, as^he began to distinguish more consistently between 
longs and units, he still made counting errors (for a picture of 52 he counted 
"10, 20, 30, 40,. SO, 21, 22") • tin the final stage, H counted longs and units 
separately, then combined his results (for 82, he counted 10, 20, 30, • • •, 
80^ 1, 2, 82) • H developed this approach after extensive work with place 
value charts, coxinting displays and ordering pictures in specific decades 
{e*g*, 80 - 90), and worksheet exercises such as: 

V tens + ^ ones 

v2 ■ 



Even in tiiis stage, however, H continued to confuse tens and ones; for 
example, when asked to show 37 with blocks he made a correct display, but 
said that there were 7 tens and 8 ones in his display. 

In written work, H was" largely dependent on rote patterns* If blanks 



wrote : 




S tens 


50 


lO tens 


70 


90 


lO tens 


CO 


6 tens 


60 


^Otens 



This worksheet had no pictures , so H had no cues other than pattern and the 
word "tens." In writing expanded numerals H was able to use some patterns but 



not others 



"3 tens + 5 ones" is written on the board, H makes a correct block 
display and writes: 

^ tens + /7 o nes 
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"80 + 3 is written on the board; he write: 



tens + 



3 



ones 



H had more difficulty in tasks involving partitioning a number into tens and 
ones than vice versa. He could say that 1 ten and 3 ones makes "13 alto- 
gether/' but could not say that 13 is made up of "1 ten and 3 ones." 

Throughout his work there were some things vhich H did with little 
difficulty. When asked to write 2-digit numerals in a place value chart 
(oral question, no block display), he could do so without reversing digits. 
Thus from an oral stimuljas he distinguished between, say, 14 aiid 41. When 
asked which blocks shov7§d "the tens" or which blocks showed "50", he respond- 
ed correctly. In general, he performed well in tasks where he was not depen- 
dent on his cwn counting skills and had only a simple matching or choice 
to make. 

In the November interview at the end of this work with place value, H 
showed no ability to respond to questions not phrased exactly as the 
instructional tasks had been and no ability to offer explanations for the 
responses he could make. He could not say that the 5 in 53 means "5 tens." 
When given cups containing ten pieces of candy plus some individual pieces, 
he represented 27 with a pile of 2 pieces and a pile of 7 pieces. (When 
asked to show "one more" he made piles of 2 and 8 pieces and said there 
were 82 in all.) 

H would seem that his first work with blocks, in which he persisted 
in counting the uiiits in longs (often inaccurately) indicated his non- 
readiness for place value work. He learned later that 5 longs was 50 from 
an oral-rcte pattern, not apparently from a belief that 5 longs contained 50 
vmits "glued together for convenience*" Obser'?'ing H at work without manipu- 
latives could be quite misleading: He could write 2-digit numbers from 
dictation; he could answer specifically phrased questions ("How many tens in 
53?" but not "what does the 5 in 53 mean?"), 

> One wonders exactly where H stood with respect to number conservation. 
In counting blocks he often recounted each time in answering a series of 
questions, even though in theory he had the information available from 

""previovis counts. Vet at other times he moved and mixed blocks easily, 
without disturbing his sense of how many were displayed. Did his early 
preference for counting individua] vmit marks in longs stem from a mistrust 

' of how many units there were i understandable, given his inaccuracy) or 
simply from his associating the question "How many altogether?" with counting 
by ones, because he did not know how to count any other way? 



In May, H worked with S-digit numerals. He immediately picked up (by 
rote) that 100 is "10 tens," but during the month he made such trades as a 
flat for 13 lonc,5, 10 longs for 10 units, a flat for 4 longs. For the first 
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two weeks, he counted displayfe of longs only as "10, 20, 30 . . . even 
in response to the questions "How many longs are there?" Having counted a 
display of 15 tens ("1, 2, 3 . . .15") he could not say there were 150 in all 
without counting again ("10, 20 . . 150"). By the second week of work he 
could say that 15 tens is "150 in all," but even at the final interview he 
could not say^'^at 150 contains 15 tens. 

In written Vork H again relied on rote patterns. Questions involving 
expanded numerals were always accompanied by block displays or pictures; still 
H had gre^t difficulty: 



/OQtens 
J hundred, Q t ens 

lOO 



IS tens / 30 tens 

I hundred, -5" tens / h undred, 3 t ens 



On 



' In the last two weeks of work, H was able to make correct block dis- 
plays using flats, longs, and units for random 3-digit numbers from either 
an oral or a written stimulus. He could say that the 6 in 654 means "6 
hundred." Yet he was cavalier about position, writing 651 for 561, 805 for 
508. Zeroes were particularly troublesome: 




□ o 



hundreds 


tans 


ones 


/oo 


o 


H ■ 



/OOV 



H never developed a sense of numerousness for large numbers nor became 
comfortable with the sound of number names. With 6 flats in front of him he 
was asked how many units would be a fair trade; he replied "116 . . .no 
160 . . .1 mean 60." He was completely stymied by non-standard displays 
such as 2 flats, 13 longs, and 4 ones. He could neither count th^display 
nor trade 10 longs for a flat to make a standard display. He could count by 
ones, tens, or hundreds from a number like 487 only by making a block display 
for the number, adding a unit, long, 02 
under considerable guidance. 



flat and counting the new total — all 



ORVERm 

Several times during the fall H was asked to put cen or eleven pictures 
in order to show counting. These were more pictures than he could cope with: 
hs chose' a picture at random, counted it (often inaccurately) , discarded it, 
and picked another. Occasionally he stumbled onto pictures of consecutive ^ 
numbers and recognized them. Ke never developed a strategy of just countin^"""\ 
the units in pictures for a decade, as did all the other children in the group. 
After much assistance, when he had pictures of consecutive tens in order, the 
pictures helped him to learn to count by tens and to make associations 
between the forms "7 tens" and "70." 
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H had no apparent skills with the concepts of more and less^ as he began- 

.Retailed study of the topic in December. At first, when asked which of two 
displays of blocks had more, he counted the blocks in each display. Only if 
he happened to count the smaller display first' did he recognize the other 
group as more. If he counted the larger group first, then after counting both 
groups he had no idea which was larger. This behavior seemed to stem from 
poor number memory: Having already verbalized the smaller number (say, 37), 
H recalled it as he counted past 30 in the larger display; but when the 
order was reversed there was nothing to prompt his memory- of the first 
(farger) number while he counted the second. 

Gradually H began to focus on which display or picture had more tens, 
although he continued to count each display. While he beccime adept at 
identifying which display had "more," he could not make a complete state- 
ment comparing the two numbers. Often he said "23 in more is 15" or some 
variant. The words did not make sense to H; he did not perceive "is more 
than" in the phrase "23 is more than 15" as giving information about the 
nuiT'. rousness of 23, compared to 15. 

VThen H had to choose between using the phrases "is greater than" or 
"is less than," he guessed. VJhen the symbols were introduced, he often 
drew triangles ( ) . In tasks that began with either pictures or numerals, 
H usually displayed each number with blocks; even with a pair like 60 and 62 
he had to "make" the numbers with blocks before he could say, haltingly, 
"60 is less than 62." Without this action, his responses seemed to be 
rau:idom guesses. 

In May, H was asked to display a number, then show what 1 more (less), 
10 more (less) , 20 more (less) , etc. Would be, smd tell the new number. H 
confused "more" with "less," 2 with 20, etc. For the first two weeks he 
counted the new display from zero, ar though he had forgotten how many 
there were originally. Gradually he had to recount only the blocks he had 
altered (the longs for "10 more thcin 341 "^) . After considerable practice in 
counting by I's, 10 's, and 100 's with blocks he was able to show 20 more 
than 71 and get the new total by counting on ("81, 91")^ If the new number 
involved bric^ging hundreds (20 more than 286) , H neither recognized the need 
for a trade nor was able to perform the trade without guidance. When he 
tried to count without trading, he miscountedr "276, 286, 296, 226." 

In his final interview H was asked what number is ten more than 137. 
He answered "138. . .because it is next." For the number that is ten less 
than 253, H said "254." 
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m. THE CASE OF J 



by 

*' Judy Vo/um 

/ 

BIOGRAPHICAL AWP TESTING IMFORAfATIOM 

Cr is a male child, bom October 11, 1968* He lives with his motlier and 
father and baby sister in the marfied student housing of a nearby univ€trsity* 
His father is a foreign student in graduate school, and his mother is a 
housewife. There seems to be a close relationship among family members and. 
the birth of his sister in the late winter brought much excitement for J. 
He had informed the group months before that he had a baby sister, then when 
asked what her name was, he replied, "I. don't know, she hasn't been born 
yetl"^ - - _ _ _ 

A language barrier seems to be J's only school problem, and much of this 
has already been overcome. J is a native of Iran, and Arabic is spoken in the 
home, since his mother speaks very little English. J attended another 
public school in the United States for half of his first grade year and 
began second grade in the school at which :±ie experiment was conducted. At 
the beginning of the year he talked. very little in the classroom, but soon 
became relatively fluent verbally. Other' children never made fun of J's 
accent, perhaps because there are quite a few children at this school with 
foreign accents as well as many with Black dialects. He has very good 
reasoning ability but some times encounters difficulty with his verbal 
explanations. Some cultural problem arose early in the year with regard to 
holidays, but J, adjiosted very well to his new situation in America. 

J has a strong self-concept and is confident of his abilities. He is 
an independent child, a conscientious worker, and has been given many 
responsiblities at home. His father worked with him nightly, mainly in 
math and Arabic^ to keep him familiar, with the language of his country to 
which the family plans to return. In the classroom J was a popular boy who 
rarely got in argiiments but defended himself when necessary — with words 
rather than fists. He always gave a reason for everything he did, and it was 
usually a very intricate one. 

On the Comprehensive Test of Basic Skills (CTBS) administered at grade 
2.6, J scored 2.3 grade equivalent in reading, 2.6 grade equivalent score in 
language and 3.2 grade equivalent score in math. He was at the 77th per- 
centile nationally and the 83rd percentile locally. On the math computation 
subtest he scored at the 68th percentile, and on the math concepts and 
application subtest he scored at the 86th percentile, based on national 
percentiles. On the Otis-Lennon test given at the beginning of his second 
grade year, J obtained an IQ of 90. Tl:is group, standardized test IQ was 
much depressed due to J*s language prcble?is, and is not nearly a true pic- 
ture of his mental capabilities. Because of his language problems, J 
participated in the county's Title I r blading program and received 
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instructional emphasis on vocabulary and usage. He will not participate in 
the program next year, since his reading scores are now above the maximum 
allowed by the guidelines. 

On the PMDC 2nd grade test administered in the fall, J waS able to 
count sets fairly well, miscounting only one set. When asked to count 
backward from 44 to 25, he got to 30 and said "20." He counted by. tens 
from 10 to 100/ then began counting by hundreds (80, 90,100, 200, . . ., 
800) and exhibited the same behavior beginning with 26, counting by tens 
to 106, then 206, 306. When shown bundles of straws and single straws to 
represent tens said ones, J counted the bundles as single straws and said 
"10" instead of 37. However, when. shown colored chips which represented 
tens and ones, J counted the display by tens and ones correctly and said *^43" 
When asked to construct a set to represent a given nximber, J used both straws 
5Uid chips correctly. On the addition and stabtraction problems J answered 
only one of four items- correctly, using counters for some items only. He 
correctly ainswered all of the ordering items, telling which of two numbers 
was more or less. 

On the spring administration of the PMDC test, J counted backward 
from 44 to 41 and could go no further. He was successful on all other tasks, 
except for two items on class inclusion^ 

J had a grade equivalent of 1.8 on the KeyMath test given in the fall. 
Relative strengths were in geometry and symbols, money, and division. 
Relatively weak areas were subtraction, mental computation, and missing 
elements. J solved 3 written problems, all without regrouping. 

On the spring administration of the KeyMath test, J's grade equivalent 
was 2.8. Relatively strong areas were numeration, stabtraqtion and n\aiie?:ical 
reasoning (example: 5 +A= 9; 7 - A = D ). Weak areas were missing eletnents, 
fractions cind measurement.. J was able to solve all one-digit and two-digit 
addition and subtraction problems, with and without regrouping. He also 
euiswered 2 written multiplication fact problems. 

As a second grader in tl e Tl teaching experiement, J was assigned to 
the single embodiment group using the abacus (U3) . There were three boys 
and three girls in the group and J worked well with all the children, 
though one boy and one girl in particular were usually his first choice for 
partners. J was almost always the first to finish any work, whether 
enactive, iconic or symbolic in nature. He showed interest in working with 
the abacus when it was first given to him, or when new material was first - 
introduced, but tired of it quickly and wcuited to move to a completely 
symbolic level as soon as'^ possible . At times he' became impatient when 

" haying to wait for slower children in the group to finish or when given 
another example of something he already understood. However, he seemd 
sympathetic to children not as capable as he was, and many tines offered to , 

-help them when they were having problems. VThen J grasped a new concept, he ^ 
seemed almost to bubble over with excitement, laughing, clapping his hands \ 
together, standing up, and talking quickly and loudly. He truly exhibited 
the ''joy of learning" in these spontcoieous moments. 

53,^ 
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The following discussion of J's perf orracince in the Tl teaching experi-- 
ment is organized under the following topics: place value ^ ordering, addi- 
tion and subtraction without regrouping, addition and subtraction with 
regrouping* 

PLACE VALUE 

J's place value concepts were well developed. He displayed an immediate 
Understanding of tens and ones and could show any two-digit number on the 
abacus less than two weeks after the experiment began. He could also read 
any two-digit numeral. The first day the abacus was introduced and tens and 
ones were used to show a number, J showed ^he experimental teacher his abacus 
with 847 displayed, though the hundreds rod had not been mentioned in class. 
He said, "Let the red ones be hundreds (pointing to the hundreds rod) and 
these are tens and these are ones (pointing to the appropriate rods) • "Now, 
tell me what this number is." When asked if he knew what it was, J said "No, 
I don't kno^ this one. It's . too hard!" Months l ater w hen three-digit 
niomerals wete introduced, J felt vindicated to find out his Octobel: intuition 
was correct. 

^consistently explained the r?.eaning of two-digit numerals in terms of 
the nuitiber of tens and ones. For 53 he. said, "this is tens (pointed to the 5) 
and thi^ is 50 and this is ones (pointed to the 3) and this is 3." He was 
able to fill out forms such as: 

and ones 



tens and ones 



using pictures, but he preferred to work only with symbols when possible. 
Occasionally, he filled in a form as: 



S tens and ^ 



ones 



As soon as he was asked to read it, he was aware of his mistake and corrc:cted 
it. In November, after finishing a worksheet of this type one box was left 
over; so he filled it in ^s follows: 



ones 



90 tens and ^s^c 

94/ 
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, Somewhat surprisingly^ J experienced some probleiDS initially with 
three-digit nmobers. He had some difficulty counting by tens past 80, 
hesitated on 90 and 100, and then began counting by ones instead. After 
three days this counting difficulty cleared up, although xn late May when 
the group w'^s counting a display of 1 hundred 9 tens and 10 ones, the 
tro\i)le flared up. J acceptedV.this display as showing 200, and so the 
group counted as more ones were added to i't. When the group added the 
tenth one after, 200, J said "300" and another boy said "210." He argued 
at gr^at length for this choice of 300 and was not convinced until he saw 
the display of 200 + 10. 

J could easily trade to show numbers such as 150 as 1 hundred 5 tens 
or as 15 tens, and he felt confident in stating 170 = 17 tens for nruiibers 
200 or less,' and for multiples of one hundred. When, asked how many tens 
for a nximber such as 374, he was \ansure unless he saw it .displayed as 37 
ten^ and 4 ones. When he saw it displayed as tens and ones, he knew imme- 
diaifcely there were 37 tens and did not have to count the tens, but if he 
saw it as 3 hundreds, 7 tens and 4 ones, he had to go through a much longer 
mental process in order to say it had 37 tens. 

In the final evaluation interview, J was shown 



hundreds j 


tens 


ones 


2 t 


13 


4 



and was asked to read it. He read it as "2 hundreds and 13 tens and 4 ones"; 
then he was directed to shov; that number^ on the abacus. He said, "I know 

that it's 334," and then showed it on the abacus. Later, in the interview 

he was asked to read the following and determine if it was correct: 

245 = 1 hundred 13 tens 15 ones 



He talked to himself some and touched, the 1 in 13. moving his finger over the 
hundred blank, then touched the 1 in 15, moving his finger to the tens blank. 
Finally he looked up and said matter-of-f actly , "Sure, that's right." 

He was shown a picture of 14 circles representing tens and 16 squares 
representing ones and then was asked if the picture showed the numeral on a 
card (156). He counted the tens to 100, covered them \xp and then counted 
"10-20-30-40" and said, "No." He was directed to'count the ones, which he did 
correctly, but he still said the picture did not shew 156, it showed 140 and 
16. The interviewer then asked what 140 + 16 is, and J laughed and. said, 
"Oh, that's right," 

DRI?ERIWG 

Ordering pictures was a task easily and quickly lone by J. He ordered 
pictures for a decade (80-90) and a mixed set (23, 43, 34, 75, 90, 7) with 
equal ease. Early in the year he was able to choose the greater of two 
^numbers such as 19, and 25, and he disliked having to show the nvimbers on the 
abacus to verify what he already knew to be true* He and the other boys in 
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the group came up with the generalization for determining which number was 
greater: "Look at the tens and the one with more tens is greater; if tens are 
the same, look at the ones and the one with the most ones is greater." By early 
December he was consistently giving the number of tens as a rationale for his 
choice of the greater or lesser number. 

Use of the> and<.signs caused no difficulty for J, and- it seemed as if he 
had worked with them "^before. He enjoyed making nxjmber statements with them to 
be judged as true or false. In December he showed his Tl teacher what he had 
written, 8106457 < 9017568, then asked if it was true. When the teacher 
asked him the question he said "Yes, because 8 is less than 9 and 1 is with 
0 an'd.O is with 1 and 6 is with 7 and 4 is with 5 and the 5 is with 6 and 7 is 
witii 8," pointing to each pair of corresponding digits as he mentioned them. 
He may have thought it was necessary for each digit In the left numeral to be 
less than its corresponding c'^git in the right numeral. J e.lso made up a card 
with 900 < 10,000 and said it was true because the number on the right had 
more zeroes. 

When asked in an evaluation interview in November to show 27 candies 
using cups with 10 candies each and single candies, he did so. However, vrtien 
asked to show more, he moved over another cup and said "37." Then when asked 
to show 10 more he was puzzled, pointed to a cup' and said, "10 more of these?" 
He could not see how to show, it and finally said, "It would be 37," When asked 
to show it with the candies, he moved pver all the cups on the table and 
said, "Thafs 57." 

During the same interview J was asked to write the number that is 10 
more than 20 and he asked "Write , twenty?" then "Write 3?" and finally wrote 
3. When asked to write the number that is one more than 32, he wrote 1, and 
when asked to write the number that is 1 ten more than 30, he wrote 4. He 
was then asked to read each numeral, and the questions' were repeated with J 
responding orally. He correctly responded to 10 more than 20 and 1 ten more 
than 30. 

When three-digit numbers were introduced, J was able to apply his con- 
cepts of more and less to them. He ordered pictures of three-digit numl^ers 
and wrote the number which was 10 more, 2 less, etc., with the aid of the 
abacus. He seemed to enjoy using the abacus more than he had in months, 
especially to show a number that was more or less which,, required trading on 
the abacus. When first filling in blanks to show counting by ones, tens and 
hundreds, both forward and backward, J used the abacus only when regrouping 
and when counting backward. Two days later when filling in a similar work- 
sheet, he abandoned the abacus completely and correctly wrote the counting 
sequences. 

s 

On the final evaluation interview in June, J was asked to tell the 
number which is 10 more than 137. 'He replied "147, because you add one more 
to three tens and it"" makes four tens." When asked to tell the number that 
is 10 less than 253 he said "243," and explained it by saying "You take away 
one from the tens." 



mmou m subtrachow without REGROiipiwG 

.J was able to work addition and subtraction problems on the abacus but 
preferred to work with the syiribols only;. He had no trouh^le writing problems 
from a picture^ but always: reversed anyi problem for a picture which showed 
a'l-digit addend over a two-digit addenia, so that instead of 

1 
I 

5 he wrote 20j 
+ 20 + 51 " 



a In December, an effort was made to relate addition facts, such as 

5 + 3 = 8, to larger numbers, such as 50 ^ 30 = 80* J was very proficient 
with the basic facts, and he began to think in terms of larger numbers, 
though he got a little mixed up on- the fact involved* He $aid "What is 300 
plus 800?" then he looked at his fingers for a moment and said "That's 
eleven- hundred!" Two days later he looked up at the chalkboard and saw 

i 

5 and 50 ' 

+ 3 + 30 I 

written on it. Suddenly he said "Oh, see, seel That is 5 and 3 and that is 
5 and 3, too. I see, J see. That* the same and the answer is the saiae*" 
Written symbols seemed to have a much gr|eater impression on J t;han even the 
enactive and iconic work he did. Two more days after this "discovery," J 
filled xjp the back* of his worksheet withj the following problems: 

/OOO 6 00 ^(300^ 

3ooe> lijOOO /^ooq> /(pooG> 

J 1 s 

J refused to show partial sxims unless specifically told to do so. He 
carried out the following procedure when the group was learning to add tens 
and ones: 

1) 25 added 5 and 3 andysaid "8," wrote 8 in the ones column* 

+ 13 




2) 25 added 2 tens and 1 ten and said "30," but instead of 

, + 1 3 ^ writing 30 on the next line, he wrote 3 in the tens 

3t5^ column* 
He also balked at adding ones before tens, saying that it slowed him down 
because he can., to the tens first. 



J was che first student in the groiip to come to a problem on a work-^ 
sheet which had been included by mistake. He had worked the problem like Jiis 





8 


4 


f- 


2 


1 






5 




/ 


oo 



but he knew this was not* .correct, so he asked his teacher for help* He told 
her- the answer was 105, but did not know* how to write it* His teacher asked 
him how many tens was 8 tens + 2 tens and he answered 10, so she ,told him to 
write 10 on the tens side* With that help, he changed the problem to: 



8 
2 


4 
1 




5 
o 


fC 


•5 



^ , Dviring an evaluation in^^rview, J was asked to solve 8 addition and 
subtraction problems without regrouping* He read each problem cuid solved 
each correctly. When asked to explain how he got his answer he said, "I added 
the ones first and then the tens," pointing to|/the appropriate digits. He 
was esked to solve mentally problems such as 24 + 32 ctnd 45 r 32, which he 
did correctly except for one counting error. 

'AWmOM m SUBTRACTJOM WITH RE6R0UPTWG ^ 

J quickly adjusted to trading on the abacus to show more .ones and less 
ones, although at times he would forget to bring over a ten after having turned 
over 10 ones. His preference was to work only with symbols, though he could 
and wculd show the steps on the abacus if asked to do so. Three days after 
beginning work with addition with regrouping, J wrote: "* 

• 99 

/' 

He had added tens cmd said "It's one hundred," then had written a 1 in the 
hundreds place, but did not know how to finish it. 

After 8 days of working, with addition problems with regrouping, J tired 
of shoeing partial sums and he answered all problems in one step, writing 
the tens digit first. When completing worksheets with pictures, if the 
problem was already written, he totally ignored the picture- If he was asked 
to write the problem, he used the pictures to write the addends or the minuend 
and subtrahend, but therl he computed without using the pictures cmd dealing 
only with his written symbols. 

, J had some difficulty with problems such as: 

' ' 90 and .20 

- y? - 8 

He answered them as if 0 - 7 = 7 and 0 - 8 = 8, not seeming to realize that 
regrouping was necessary. On an evaluation interview in April, J was shown 
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a card with: 



43 

- 26 

23 • " . 

and was asked if it was correct. He answered yes, because you could cheinge 
the 6 and the 3 around. However, J never made this type of error when 
working subtraction problems. During that*' interview J was given 2-digit 
addition and subtraction probleiiis with regrouping to solve, some with an 
abacus or beans and some with .symbols only. His usual method was to show 
the addends or the minuends on the abacus, or with beans then compute the 
ansv;er looking at the written problem, and then finally av just the manipu- 
lative display to correspond with the answer he had mentally computed. 
When asked to explain his method on ,written problems he had solved, he 
e:qplained it in terms of crossing out numerals and making the ones 10 more 
and the tens 1 less, although he had actually written nothing down except 
the answer. ; 

On the final evaluation interview, J was given 3-digit addition and sub- 
traction problems with regrouping to solve. He, correctly solved' 6 of the 8 
problems, and 1 more when he was instructed to trade to find the answer. 
Of those he correctly answered, he workec J of them at the symbolic level 
first, then showed the answer on the abacus or with beans. 

For the other problems which were "too hard,^" he went to the manipula- 
tive aid first and worked the problem. For 

245 

- 148 

J showed 2 hundreds, 4 tens and 5 ones. He took away 1 hundred arid 4 tens. 
Then he traded the remaj.ning hundred for 10 tens, and one of 'those tens for 
10 ones. He then removed 8 ones and said the answer was 97. 



mi. THE CASE OF K 

juvy vomi 



BIOGRAPHICAL ANV TESTim IWFORMATIOW 

K is a male child, born November 28, 1968. He lives' -with his parents 
and brother who is thre.e/years younger. K rides a school bus and lives in 
a mobile home park. His father is a security officer at a nearby university 
and his mother is a housewife who is very involved in the school as a room 
mother and volunteer. K has a good home life and he talked excitedly about 
his family's vacation in the spring and of the many trips he and his father 
took. He knew his parents were deeply concerned about him and one day when he 
became ill at school, he asked to call his mother saying, "I know she* 11 be 
.worried about me and will want to come and get me." She did. 
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All of K's school years have oeen at the same elementary school. He 
attended kindergarten and participated in the county's Title I reading program 
and ESAA math and reading program. In the classroom he read in the middle 
reading group. K is left handed and exj-eriences difficulty when learning to 
write. His handwriting is poor and he frequently reverses letters and digits. 
At times this causes him frustracion. One day he tried to write 3. He first 
wrote S, then wrote E over it, finally wrote C on top of th'^t and said, ''I 
'keep on making S's and E'sl" 

K is a very popular boy in his class and was one of the 8 children most 
frequently chosen on the class sociogram. He shows concern for others and is 
synpathetic to children who c^re having trouble with their work. He feels that 
it is very important to be the first to finish an assignment and may times 
makes careless errors on written work in order to do so. 

On the- Con5>rehensive Test of" Basic Skills (CTBS) administered at grade 
2.6, K scored a grade eqxiivalent of 2.2 in reading, 2.4 in -language, and 2*4 
in math. Percentile ranks on the math confutation sxibtest and math concepts 
and application subtest were nearly th^ sasr^e, with a total math ranking of 
41st percentile nationally and 53rd percentile locally. He obtained an IQ 
of 90 as measured on the Ot is-L ennon administered at the beginning of his 
second grade year. 

On the PMDC second grade test administered in the fall, K was able to 
count sets by touching pictured objects. He could count from 6 to 15 and from 
35 to 46, but at times counted out of sequence (38, 40, 39, 40). He counted 
backward from 6, buc not from 44, and he counted by tens from 10 to 80, skip- 
ping 20. When telling how,^many in a display of tens and ones when straws 
were used, he counted each individual straw in each bundle, but made counting 
errors, so the answer was wrong. When shown a chip display, he counted each 
chip as one, not differentiating tens and ones. When asked to construct a set 
he either made no attempt or said there were not enough chips. K used 
counters to solve an addition fact problem used counters incorrectly on a sub- 
traction fact problem and trade no attempt to solve problems with 2-digit num- 
bers. K correctly chose which was less and which was mOi.e from (7,4) and 
(8,12) but not' from (19, 31). He incorrectly ordered four 1-digit numbers 
from, smallest to largest. 

On the spring administration of the PMDC test, K showed much improvement 
He was successful jDn all cq^inting tasks except for counting backward from 44, 
counting by tens past 100, and counting by tens starting at 26. He could tell 
the number of a display of tens and ones, and could construct displays to show 
a given number. He used counters correctly on all addition and subtraction 
problems, and answered all order items correctly. 

On the fall KeyMath test, K scored a grade equivalent of 1.6. Numera- 
tion and subtraction skills were relatively weak, and 'he could answer no 
questions pertaining to missing elements. Relative strengths were the areas 
of division and measurement, and K correctly answered two written addition 
problems. 
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K scored 2.3 on the Key Math test in the spring ♦ Word problenfe and 
■ iriental computations were relatively strong areas, and missing ele^^ents and 
measurements were relatively weak areas. K correctly answered 4 written 
' addition problems, one of which involved regrouping, and 2 written sub- 
traction problems/ neither of which inv^ lN^ed regrouping* 

As a second grader in the Tl teaching experiment, K was assigned tc 
the 'single embodiment group using the abacus (U3) . There were three boys 
and three girls in the group, and JC was very attached to one of the boys J 
K attempted tc compete with this Student,' who was much quicker and more 
capable than K. This situation created problems because K would rush 
through his work, writing sloppily and' at times illegibly, so he could 
finish when his friend did. 

/ 

K was emotionally immature and became frustrated when he could not do 
something correctly. He did not want to wait for instructions and felt that 
he already knew how to do many things which- he could not do without direc- 
tion. At times K became so frustrated, either because he did not under- 
stand something or because h'e could not write something, that h^ cried. 
After being shown how o^ -after being given a clean paper to write on, he 
would'start over and usually succassfully complete the task. ; 

The following discussion of K's performance in the Tl teaching 
experiment is organized under -the following topics: place value, ordering, 
addition and' subtraction without regrouping, addition and subtraction with 
regrouping. . ' 

VlKQJt 1/ALUE 

Reversal problems in terf erred with K's developing place value concepts. 
The following \ are some problems caused by his perceptual difficulties: 



23 = Cj>cA and 3 o nes 
/j? = 8 tens 



' 3"^" / \3 and V ones 

/9 = 9 tens . y/ = 4 tens 



Ke also shewed 13 on the abacus for 30 and 25 for 52 occasionally, but 
errors of this type were not as common in the enactive stage. Ti-ie following 
illustrates a combination of frequent errors made by K at the symbolic level: 




/3 and V 6nes 

V ones 



tens and 



V3. 



K was able to read most two-digit numerals and only experienced 
difficulty with the numbers Yi-Yi. When asked to explain why 53 was "53" 
he could only do so by saying that a 5 in front of the 3 made it 53, and 
if there wasn't a 3 it would be j..st 5. Counting an abacus or picture 
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display presented initial vdifficulty, however, K would begin counting the tens 
beads by tens but could not^switch to counting by ones when he moved to the ones 
rod* At times he would begin'^counting by ones while still counting tens, so 
that a display for 35 could end of being counted as ''10-20-30-40-50--60-70- 
80" or as "10-20-21-22-23-24-25-26-" 

Numbers of greater than one hundred created more reading, writing, and 
counting problems. K could count by tens to 100, but then began counting by 
ones and took a long time before being a£)le to count "80-90-100-110-120." K 
could not write a three-digit numeral without showing it on the abacus 
first and going through any trading that was necessary. He also could not 
count a display showing 10 or more tens or ones. When asked what number v/as 
represented by 2 hundreds, 13 tens and 4 ones, he said "It don't make sense, 
I'll have to trade." When pressed for an answer he finally said "234," then 
traded and said "Now it makes sense —334," -He^-showed 2 -hundreds-^- 4 tens — 
and 5 ones on the abacus and said it was "245." Then he was told to trade 
for more tens, which he did, but when asked what number was now shown, he 
again commented that dt didn't make sense and finally said "165," 

K had a very difficult time writing numerals, and when counting by ones 
from 100 he wrote 100-1001-1002- . . .1010. For counting by tens he wrote 
100-112-120-131-125- . . . .He could not count orally by .tens from 100 
after having counted by ones from 100, and vice versa. He frequently made 
writing errors such as^ 

119 for 190, 220 for 200, 116 for 160 and 105 for 150. 

K became very confident of his ability to express multiples of 10 < 200 
as 1 hundred and some tens or as all tens. He did not count out 10 tens for 
trading, but could easily change from 1 hundred, 4 tens to 14 tens. For 
multiples of 100, he came up with a "trick" for telling how many tens. He 
said it was just whatever was in f^ont, meaning everything except the last 
zero, 30 for 30^0, 40 for 4^0, etc. 

Numbers larger than 200 and non-multiples of 100, especially those with 
a non-zero one digit, were no;: as easy for him to describe in terms of tens. 
He could trade on the abacus to show 265 as 26 tens and 5 ones, ar.d after 
counting the number of tens he could tell that 265 had 26 tens, but he could 
not see it as 2 hundreds, 6 tens and 5 ones and come up with 26 tens. 

ORPERLVG 

A major difficulty K encountered in this area was due to his writing and 
reversal problems. Wh«n asked during a November evaluation interview to write 
the number which is 10 more than 20, he wrote SO For the number which is 
1 more than 32 he wrote 33, and for the number which is 1 ten more than 30' he 
wrote 13, probably thinking he had written 31 to show 1 more than 30, He had 
an especially difficult time with the teen n'omerals (12-19) , 
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When ordering picture sets in a decade; 80 to 90 for exainple, he could 
arrange the pictures showing 81-89 in the correct order, but would put 
pictures for 80 and 90 together, sometijroes before 81 and sometimes after 
89. Ordering a mixed set of pictxires (23, 43, 34, 75, 90, 7) proved to 
be a much more difficult task for K. 

In December K became more' confident of his ability to choose the 
greater or lesser number* He also helped the other two boys derive the 
"rule" for determining which number was greater; by looking at the tens* 
This rule proved helpful to him and he was able to choose the larger of 
two numbers in displays or pictures, yet still made errors at the completely 
symbolic level. The vocabulary of "is greater than" and "is less than" was 
mastered by K and he could verbalize statements such as "25 is greater than 
19" quite well. The signs, < and ^ , were not mastered, and one possible 
reason for this is the perceptual difficulty he had in reversing digits 
{ 9/ for 19, ^ for 6). During an evaluation interview in February, 
K__chose 56 as greater than 52 and wrote the sign (>) correctly. He also 
chose 27 as less than 41, but wrote the sign ( < ) incorrectly. 

When three-digit numbers were introduced, and after not having recently 
worked .with the concepts of more and less, K became very confused when 
asked to show on his abacus the number which was 1 more (less) or 10 more 
(less). For 10 more, he turned over 10 tens, but after three days of 
working with the "more" and "l'=iss" ideas, K began to feel confident that 
he could simply turn over 1 or 2 tenp to show 10 more or 20 more. 

Tracing to show 1 or 10 more (less) was intriguing to K. He was the 
first in the group to show on his abacus the nxjmber which is 10 less than 
506. Occasionally he traded incorrectly (1 hundred for 10 ones) , but he 
was usually able to adjust his abacus correctly to show the number. One day 
after the group had been asked to show thn nximber which was 1 less than 600, 
then 1 less than 300 and 1 less than 200, K became very excited. He ex- 
claimed that he knew a short-cut for answering these questions: All the 
numbers would end with 99. His reason for this was that 1 less than 100 is 
99, and so you just "put some hundreds in front of 99." 

Worksheets which required counting by ones, tens and hundreds forv^ard 
and backward were particularly frustrating for K. He was unable to write 
the numerals correctly unless he first showed the number on his abacus, yet 
he resented having to use the abacus since the other two boys were usually 
able to do their work without using it. K felt that the abacus slowed him 
down so as soon as he saw a pattern in writing the numerals, he quit using 
it. Then r^hen he came to a number that required regrouping, he would put 
his head dow^ nd cry until the instructor would come over and ask him to 
show the n^ on the abacus. He would do so, then regroup correctly and 

go along iv ^antil he came to the next regrouping obstacle. Many times 

when filling .xiKs to show numbers which were ten more, K weald get con- 
fused and begin to show one more or 100 more. He did not seem to be able 
to hold on to a visual pattern ail the way along the line. 

K^completed the following to show ten more: 

/Qt 3J£ ^ ^ ^ 21S g£^S£.7 
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He completed the following to show one hundred less, ten less and one 

less ; 

^/O 3 lO ^ lO 510 tone hundred less) 

3?Q ^90 5CO 510 (ten less) 

093 OPH OPS 510 (one less) 

In the June evaluation interview, K was able to state confidently that 
147 was 10 more than 137 because after 3 comes 4." He also stated that 243 
was 10 less than 253 because "5 take away 1 equals 4." 



AVVmOH m SUBTRACTTOW wnHOlTT REGROOPIMG 

K was able to work addition and subtraction problems on the abacus with 
very little trouble. He was not as successful using pictures, however. When 
asked to find the picture which showed the sum of two addends on the instruc- 
tor* s abacus, K asked the instructor to join them first on the abacus so he 
could see how the answer would look. As long as all work was done at the 
enactive level, K was successful, but when he was asked to write a problem 
shown on an .abacus or a picture, he had difficulty, primarily ^ue to his 
writing and counting problems. When writing an addition problem, he counted 
one addend and wrote it, then the other addend and wrote it, the recounted 
the whole display and wrote the answer. It was possible for him to miscount 
on one or both addends and still have the correct answer- For example, for a 
picture of: 

57 K may have v;ritten: or' ^g</ or _2=5.- 

5"^/ ^5 

K also had difficulty in changing from counting by tens to counting by 
ones as mentioned earlier. When counting all the tens in a picture to write 
the s\;im, he frequently counted by tens when counting the tens for the bottom 
addend, then changed to counting by ones when counting the tens for the 
top addend. ^ 

K preferred to vork with written problems only, or with the abacus only, 
and one could see why. At le^st when the problem was already written for 
him, he had less chance of making an error in counting the beads, or a rever- 
sal error in writing the numerals. 
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For addition? problems, K had much difficulty at first writing the 
intermediate stepi^. He coipes wrote; 

51\ or 51 

33 ^. + 33 

After about a w,eek of working with this, he suddenly seemed to understand 
where these partial sums came from and was then able to complete such 
problems without the aid of an abacus or picture. 

Subtraction problems were more difficult for K to vork with at the 
-iconic level. When askec. to find the picture which showed 5 - 3, he chose 
instead the picture for 8-3, which ha interpreted as a set of 5 and a 
set of 3 being removed. K also had a tendency to reverse the take-away 
number when looking for a picture. For 57 - 31 he found a picture showing 
57-13, and for 85 - 14 he found a picture for 85 - 41. 

When writing problems from a picture, K mciny times set up a form 



to help him write it. If the digits in a problem were not properly lined 
up, he was unable to correctly solve it. He was able to solve a problem 
such as 

42 

4-3 

but became confused if the addends were reversed to show 3 

+ 42. 



In an evaluation interview, K was given eight addition and subtraction 
problems to solve. He answered 5 as 10, explaining that he added E and 

+ 23 

3 and then 2 more. For the other seven problems he wrote correct answers 
with the exception of one counting error and one digit reversal. He was 
able mentally to compute other problems s.imilar to tnese, however. 



mmoH m subtractiou with regroupwg 

K was able to go through the steps to show trading on the abacus, 
though he had some difficulties at the iconic and symbolic stages. When 
first learning to cross out digits and rewrite for a subtraction, he did 
it like this: 



/ 


)0 


X 





K put 10 over the ones column, even when supposedly using a picture v;hich 
showed the trading sequence. This was cleared up soon, but another 
difficulty arose. After realizing that there were now 13 ones instead of 



10 ones after trading, K wrote the digits this way; 



He said that the 1 in 13 was for tens and it should go on the tens side* 

K's reversal problems also caused computational problems, even after he 
had the algorithm mastered. The following problem points out this difficulty: 

41 
+ 9 

After additioa with regrouping was introduced, K began using the long 
form for subtraction problems withoat regrouping. He worked problems in 
this manner: 

34. 
~ 21 

t o_ 

However, he did not write subtraction problems with regrouping in this manner. 
After about 5 weeks of working with addition and subtraction problems requir- 
ing regrouping,* the group was given a "rule" for using the shor*c form and long 
form. They were told that if the ones answer fit on the ones side (was a 
single digit) then the answer could be v;ritten in the short form. K was fasci- 
nated with this rule and immediately applied it to his work. 

Pictures presented special difficulties for K. When a subtraction pro- 
blem with regrouping was pictured, K ended up many times writing the' 
following: 



1 



/3 



( ^ 

He would miscount the beads to show the number of ones after reading, then 
\ counted again to find the answer, which might be correctly counted. When 
' K used symbols only, he would never have rewritten 34 as; 



3 



^Ci^U V-fViW ^'w**. V.W — — — £- — — — 

tne picture. For a picture which showed 30-17, he wrote: 





10 


3 


O 


/ 


3 



K had a great deal more difficulty writing subtraction problems from pic- 
tures than writing addition problems from pictures. 

In an evaluation interview in April, K answered written problems 
correctly when he dealt only with symbols. However, he became confused 
when asked to show addition and sxibtraction problems with regrouping on the 
abacus and with beans. Of the four problems involving an aid, K finally 
answered 2 correctly after he went back to the symbols and adjusted the 
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manipulative display to model the symbols. For exaxtple, K showed 46+7 
using beans like this : ^ ^ ' ^ 

He then put all the beans together, looked at the written problem and 
counted 6 + 7 on his fingers • After separating beans into 2 piles he 
pointed to each and said, "There's 13 here and 14 here/* then said, I can't 
do this px-oblero»" After some questioning by the interviewer, he said the 
4 beans were 40, anu rearranged the beans like this: /oTp 

13 !§> ■ 

This modeled the partial sums j40 he would have written for the problem* 
He finally said the cinswer was 53 • 

When asked to transfer his knowledge of addition and subtraction with 
regrouping to 3-digit numerals, K was somewhat successful. On the final 
evaluation interview, K correctly showed 3 of the 4 problems he was asked 
to work on the aba:us. He could not work either of the 2 problems for 
which he was askccl to- use beans. The 2 written problems, where no manipu- 
latives were used, he answered like this: 

426 erased the 10 then wrote 426 

& + 182 + 182 

Slop ^/^ 



then erased the zero to 
leave 61. 

IX. THE CASE OF L 

jm vom 

BIOGRAPHICAL MiV TESTING INFORMAHON 

L is a female child, born June 18, 1968. She lives with her mother, 
three sisters -nd one brother in a low rent housing project. L. is the 
middle child of the 5 children and 3 of them Have different fathers, 
although there is now no father in the home. Her mother works as a maid? 
and the family inccame is very meager. L rarely talked about her family or 
her life outside school. 
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In the classroom L was usually quiet and somewhat withdrawn, although 
she did try to join in some small group activities occasionally- Qn a class 
sociograin L appeared as a lone • and was chosen as a friend by few girls. 
Howfever, L's self-concept was actually pretty good and she did not seem to 
be aware of her lower social or academic standing, 

L did not attend kindergarten, cind this was a detriment to her school 
performance. She attended first and second grade at the school at which the 
experiment was conducted and had the same teacher both years. In first 
grade she got off to a v*}ry slow start and the California Test of Basic 
Skills (CTBS) , administered at grade 1.6, indicated this fact. L had a 
reading grade equivalent score of 0.2, and a language grade equivalent score 
and math grade equivalent score of 0,1. L participated in the county's Title 
I reading program and ESAA matli and reading program, receiving small group 
remedial and corrective help throughout the year. 

At the beginning of second grade, L had apparen'.:ly forgotten most of what 
she had struggled to' learn the year before. She was a total non-reader and 
could not count or recognize uumerals greater thcin 6. However, during the 
year L received the Title I reading instruction cind showed slow, steady 
improvement, though she remained in the lower third of the classroom reading 
grovps. She was very slow learning to write letters cind numerals and this 
writing problem was noticeable in all of her work. CTBS grade equivalent 
scores, administered at grade 2.6, were 1.8 in reading cind 1.6 in math and 
in leinguage. L scored at the 3rd percentile in the math computation sub- 
test, which was a timed test, and at the 26th percentile on the math con- 
cepts and applications subtest, which was read by the teacher to the class 
as a whole. 

On the PMDC second grade test administered in the fall, t was able to 
count se-s by touching each object as she counted. She could not count for- 
ward beginning with a number other than one, nor could she count backward. 
She made no attenpt to count by tens. L was unable to tell the number 
represented by bundles of straws and single straws or by colored chips ^ 
indicating con^lete lack of understanding of tens and ones. When instructed 
to use beans to find the ariSwer to an addition problem L formed numerals 
with the beans, then counted on her fingers cind told the cinswer. She used 
beans in a subtraction problem, but added instead of si±)tracting. For 
problems involving 2-digit numbers, L was unable to use the becin^to solve 
them. L ordered one-digit numerals from smallest to largest, cind Vorrectly 
told which of two 2-digit nimaerals was more, though she could not fteil which 
of two numbers was less. 

On the spring administration of the PM)C test, L showed some improvement 
in her counting skills. She could count from 6 to 15, though not from 35 to 
46. She counted backward beginning with 6, though she was unable to count 
back from 44. She counted by tens to 100, then said '*101, 110, 120/* but 
she was still unable to count by tens beginning with 26- In dealing with 
tens and ones, L was able to tell and write 4±e number of a display of 
straws and of colored chips* She was able to construct a set to show a 
given number using colored chips, but not using straws, perhaps reflecting 
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L*s instruction with the abacus during the year. L used beans to solve all 
addition and subtraction problems with, the exception of one subtra'ction 
problem in which she added. L could choose from 2 numbers the number which 
is less and the number vrtiirh is more, except for the pair (19, 31) when she 
chose 19 as being more. 

On the Ke^ath test given in the fall, L obtained a grade equivalent of 
1.1. Relative strengths were the arnas of money and mental computations 
(1+1,2+2) and relative Xeaknesst-s were the areas Of multiplication, 
division, mssing elements and measurement. L answered one written addi- 
tion problem correctly. ^. 

On the spring administration of the KeyMath test, L scored a 2.0 grade 
equivalent. Relative strengths were the areas of addition, subtraction and 
mental computation. Relative weaknesses were the areas of multiplication 
and missing elements. L answered 5 addition problems correctly, one of 
which involved regrouping, and 4 subtraction problems correctly, two of 
which involved regrouping. , 

As second grader in the Tl teaching experiment, L was assigned to the 
single embodiment group using the abacus (U3) . There were 3 boys and 3 girls 
in this group, aXid L developed close ties with the other two girls. She 
relied heavily on them for answers and instructions initially, but af1;er 
the first month of the experiment she became mqre independent, L worked 
slowly and determinedly throughout the year. .She depended almost totally 
on the abacus to do all her work and rarely set it aside unless specifi- 
cally directed to do so. Once she became accustomed to the symbolic patterns 
or manipulative strategies, the group used, she showed steady improvement. 
However, any change in the schedule or absence from school affected her 
performance greatly sxnce her retention was short. 

The following discussion of L*s performance in the Tl teaching experi- 
ment is organized under the following topics: place value, ordering, addition 
and subtraction without regrouping, addition and subtraction with regrouping. 



PLACE VALUE * 

Counting past 10 was very difficult for L, ana she was unable to read 
2-digit numerals at the beginning of the year. She could count out 10 ones 
and trade them for 1 ten on the abacus, but usually arrived at tha wrong 
display because she had miscounted when initially putting a given number of 
ones on the abacus. For exan5)le, L showed 16 as 1 ten and 5 ones because 
she had originally put 15 ones on the abacus and then traded 10 of them 
for a ten. 

L learned to show a two-digit number on the abacus when she saw it 
in written form, but she had great difficulty showing it when the number 
was read to her. Hearing "34" meant little to her. She was unable to write 
it or show it, and she was unable to count by tens until December. Until 
then, she was not able to consistently count the beads on her abacus to tell 
wnat number was shown. She would begin counting the tens beads by tens. 
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but when moving to the ones rod, she continued to count by tens and was unable 
to bridge the gap (e*g., 30-40-41) • She finally overcame this, somewhat, by 
counting the tens beads, then covering them with Her left hand, then - ounting 
by ones on the ones rod. This covering up of the tens rod seemed to signal 
her to change her counting pattern* 

<• 

L experienced difficulty on any new symbolic form when first introduced, 
but she soon picked up on visual cues, though not on the level of under- 
standing* When first working with the following form, in October, she filled 
it in this way: i 



I! 



10 



and 



6 



10 ten and 



ones 



When the form was revised and the lines ordered differently, L was much more 
successful : 



1. 



tens and 



I I 



A'' 



ones 



Worksheets which mixed up a pattern confused L, pointing out her lack 

of understanding of place value. One such worksheet had tens = 30 

and also = 3 tens. She filled in both forms with the single digit (3). 

L also had a great deal of trouble verbalizing any of the patterns. When 
asked to tell a name for a number using -tens and ones, she could rarely say 
"4 tens and 6 ones" without help, even when looking at the abacus. She could, 
however, answer the questions "How many tens?" and "How many ones?" When 
tJL-ying to tell a name for a number, she sometimes said "ten fours" instead 
of "four tens." 

Moving into three-digit numbers in the spring magnified L's reading 
problems, though her writing problems remained much the same. L could show 
a thr -digit number on the abacus and could trade when directed to get more 
or le* tens or more or less ones. However^ she could not read the numeral 
or te -he number from the abacus display. She said simply "5 hundreds and 
6 tens id 2 ones." When asked to read a numeral, such as 431, she said 
"a hundred and 4 and thirty-^one, " and apparently thought that any number 
containing hundreds had to begin with "a hundred and ..." 



\When trading for a display of 1 hundred 5 tens to show as tens, L 
meticulously counted out each of the 10 tens she put on the abacus. She 
was very slow to recognize quickly that 150 has 15 tens, 130 has 13 tens, 
etc*, whan working at the enactive and iconic levels. H ^ever, when she 
began completing worksheets with the form 

1^ tens 

/ hundred ^ tens 

she quickly saw the visual pattern*^ I ^0 

When ^iven an abacus pictnr^ <5howiiig hundreds and tens, L filled 
in the middle line of the form first, then the top line and finally the 
last line. \When given an abacus picture showing tens only, L filled in 
the top line\ first, then the middle and bottom lines, 

L could not answer a question such as""How many tens does 150 have?" 
but she could show 150 on the abacus as 1 hundred 5 tens, then trade to 
show 15 tens, then answer *'15" to the question. L was unable to go through 
this process mentally without use of the abacus. During the final evaluation 
interview L was\ shown the statement 245 = 1 hundred 13 tens 15 ones 
and was asked it this statement was true. She quickly answered "No, because 
a 2 is supposed to be here (pointed to first blank) and a 4 is supposed to 
be here (pointing to the second blank) and a 5 is supposed to be here 
^pointing to the last blank)." Whfen asked earlier in the interview to show 



hundreds 


tens 


ones 


2 


13 


4 



on the abacus , she *had done so correctly and had traded to show less tons , 
although she read the number only as "3 hundreds and 3 tens and 4 ones" and 
not as "three hundred thirty- four." 

\ 

L experienced great difficulty in ordering nvimbers and in dealing with 
the concepts of more and less, due primarily to her inability to count and 
to read numerals. She was not able to count to 20 until December and made 
frequent counting errors throughout the year. When counting strategies 
were taught in a two-w^ek fact drill unit, L never mastered the counting on 
strategy. If the problem was 7+5, she held up 7 fingers and counted each 
one "one, two, three . . . seven." Then she held up 5 fingers and counted 
"eight, nine, . . .twelve." She could not begin cpunting at 1, but needed 
to start with 6ne each time. 

Ordering pictures from 10 to 20 was an impossibility for L initicTMy, 
since she did not know what number came after 14 or 18. Having to decicie 
which picture to choose when more than two pictures were in front: of her 
was more than she could manage. Her attention had to be focused on only two 
pictures at a time and then she had to decide which picture came before 
the other. 
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Reading a two-digit numeral, and some one^^digit numerals, was a chore 
for L/ In order to read 56, she had to count softly on her fingers "ten, 
twentYi thirty, 'forty, fifty" and only after that could she say "fifty-six*" 
She went through this procedure every time she, read a two-digit numeral 
through the end of the year. \^en asked to compare two written numerals, 
by the time she went through the process of reading the second numeral, she 
had forgotten what the first one was* L also reversed digits frequently, 
which caused ordering problems* When asked to place either < or > between 
69 and 96, she said "Oh, no* That the same thing*" 

L judged the magnitude of a nijmber by the height of the column of 
beads on the abacus without regard to tens and ones* Looking at pictures 
showing 7 and 43, she said 7 was larger* Even after locating /both numerals 
on a hundred chart, she still insisted 7 was more than 43* /In an evaluation 
interview in February she chose 56 as being more than 52 ^i^ause one number 
had 6 and the other had 2* She then chose 41 as being l^ss than 27 because 
"these (27) are higher," though she was looking only a/t the numerals and 
not at a picture or abacus display. 

The vocabulary "is greater than" and "i^^^ess than" was never mastered 
by L* "Than," in particular, seemed a meaparngless word* After working with 
the signs > and < , she was able to use^tfnem somewhat consistently, but could 
not read a statement she had writtej>;^uch as 26>14. Even when word cards 
were used in place of the signs>^-^e had to labor over the reading of the 
statement. ^^^^^ 

L could apgjy^ rule given to her without real understanding of the 
concept, whj,ch^s what she finally did to choose which of two numbers was 
largeri^r^'smaller. She was told that the n\:unber with more tens was the 
,gre^ter nuifber, and if the numbers had the same amount of tens, then the one 
with the most ones was the greater number. It ^vas apparent that she lacked 
a concept of more and less when she was asked to show a number that was 
1 more, 10 more, 1 less and 10 less. Even in May she was not sure of whether 
to put another bead on the abacus or take one off when asked to show, the 
number that was more. She would hesitate long enough to see what other 
children were doing, then would adjust her display accordingly. ^Vhen asked 
to find the picture which showed 1 more (less) or 10 more (less) than a 
given number, she first had to siK>w that number on her abacus, add or remove 
the appropriate bead, then look f/>r a picture like her abacus. During the 
final evaluation interview L\jja^asked, "What number is 10 more than 137?" 
She made no response to similar inquiries about 10 more than 37, 10 less than 
253 and 10 less than 23. 



minow m smmuiow mTmr KEGRomm w 

L was able to model addition and subt:raction problems on the abacus , 
carry out the actual operation required and write the answer. She was only 
somewhat successful in writing the entire problem from an abacus or picture, 
and only rarely able to read the problem, either from the symbols, the picture 
or the abacus. L relied almost totally on the abacus to solve problems, even 
at the symbolic level, for more than half of the year. She knew she was able 
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to show, two niinbers on her abacus and then join them together, and she knew 
if she counted up the tens and ones and wrote that down, her answer would be 
correct, so she faithfully followed this process. L had no confidence in 
the symbol^ or in her ability to count on her fingers^ ^ She knew very few 
facts and die not have a good counting strategy to .eropioy. 

Pictures were difficult ^or L to interpret, especially for sub*- 
t:£^:ion problems. For a picture showing 8 beads with 3 circled to show 
'^take-away" L would write 5-3, When axi addition problem was shown oh- 
the instructor's abacus and L was asked to select the picture /hich showed 
the answer to the problem, she could not do so unless she pulled on the 
rubber band holding up the top addend on the abacus • causing the two set 
to be joined. Wht..i given a worksheet with pictured subtraction problems, 
L insisted on showing the number on her abacus, using a rubber band and 
carrying out the subtraction there first before writing the answer. 

When using a picture to write an addition problem, L would count the 
tens beads at the top of the pictured abacus and write that digit down 
then count the ones beads and write that digit down. She repeated this 
process for the second addend a*" the bottom of the picture and drew the 
horizontal line and + siqn. Sbt len went back to the picture and counted 
all the tens beads an'^ Le the digit and then counted the ones beads 
and wrote that digit. Sre did not think of 

36 

•fl2 ' 

as "thirty-six plus twelve equals forty-eight" but rather as "three dnd 
six then one and two, count and write four and eight." The same process 
was used for subtraction problems. This was probably due to her inability 
to read a two-digit number without first counting by tens until she said 
the correct decade. 

L saw no need for the long form for addition problems, especially since 
she did not perceive adding of tens as such but as just adding of digits. 
When first working with the long form, she simply filled in the sum on every 
empty space. This was really the only infoannation she got from a picture. 

51 51 

•f 33 or 33 
ifV If 

en 

Gradually L began to deal more with, the written symbols, and she began 
to use the abacus as a counter. For a problem such as 23 + 41, she would 
put on 3 ones, then 1 more one and count them and write down 4, then she 
would put on 2 tens and 4 more tens and count them and write down 6. When 
the abacus was taken away, she used her fingers for even the most obvious 
combinations, such as 9 + 0 or 6 - 1. 

During an evaluation interview, L was given addition and subtraction 
problems without regrouping to solve^ Although she was able to read only 
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3 of the 8 problems, she wrote the correct answer to every problem and, when 
asked, she worked the problems on the abacus correctly. However, when given 
problems of the same type ts solve mentally, she was unable to do any of 
them, ^^en asked to show two problems using becins grouped as tens and ones, 
she was also unable to do so. 



AVVITTON m SUBTRACTIOM WITH REGROUPim 

L encountered difficulty when learning to trade to have more ones, 
needed for subtraction with regrouping, and to have less ones, needed for 
addition with regrouping. Some problems arose from counting errors, but 
other problems indicated a lack of understanding of the whole regrouping 
process. * L could not remember how many ones to trade for a ten, even though 
the name of the bead ("ten") should have helped her remember. When first 
trading ones for a cen, she would trade all the ones above the 10 mark on 
the abacus. For example, if the abacus had 3 tens and 16 ones cn it, L 
would pick up the top 6 ones, having 10 ones on the abacus, and trade the 
,6 ones for a ten^ She sometimes picked up a ten from the 3 tens on the 
abacus, then put it back with the other 2 tens to show trading for the ones, 
instead of bringing over a ten from the back. L did not seem to realize 
that a trade involved moving something from the front of the abacus to the 
back and moving something else from the back of the abacus to the front. 



L counted on to cross out numerals to show regrouping necessary- for 
stib traction oroblems. For 



L first crossed out the 4, then held up 10 fingers and counted on trcm 4 
to get 14, then wrote 14 above the 4. She then crossed out the 3, held 
up 3 fingers and took one away, and could immediately write 14 above a 4, 
16 "above a 6, etc She did not know that 10 4 is 14, 10 +6 is 16, etc., 
unless she counted on her fingers, and she could not trade a ten on the abacus 
to show 14 ones unless she counted out each of the 10 ones she added. The 
symbolic pattern she perceived was purely symbolic, with little relation 
to the enactive level. 

When pictures w*^re involved, they brought: their own special diffi- 
culties to L. She could count the total number of beads to find the answer 
to an addition problen. with regrouping, bjit she could not relate the picture 
to the structured situation where she wrote partial sums. For example*, L 
responded this way to the follov/ing situation: 




4 


6 




4 


■ 6 


•f 2 


8 


or ^ 


2 


3 






ones in all 


V 


G 


'/ 


H 


tens" in all 


Si 


? 


? 


Iv 


altogether 


7 





y altogether 
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At times L crossed out to show trading for subtraction problems when it was 
not necessary to trade. She would write: 









\ 


- 1 


1 




3 



and the -answer would.be correct because she counted it fron; ..a picture, 
although she went through the regrouping steps without looking at the 
picture. 



When L was asked to write the entire problem from a picture, she -had 
the greatest difficulty translating a subtraction situation to written form. 
For: ~- 




she wrpte 



S-3. 



L usually correctly wrote a pictured addition Situation, but when the 
structure for partial sums yj^s not present, she wrote addition problems 
without regrouping the short form (e.g.. '^^^ ) and addition problems with 



regrouping i^'n tnis form: 

A new kind of error surfaced when L began working only with the symbols. 
For a problem such as: ' ' 

34 

- 16 



L held up 10 fingers, took away 6, then wrote 4 in the ones column. After 
being told that she must do trading first and write down the numerals 
above the crossed out numerals, she did not correctly. On problems such as 



3 
1 



4 
2 



L sometimes wrote the answer this way: 



2 

3 

- 1 



4 
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Evidently she felt it was necessary to fill up the 'regrouping" space when 
no regrouping was needed. 



During the final evaluation interview L was asked to sol\e 3 digit , 
addition and subtraction problems which required regrouping. She correctly- 
displayed addends on the^ abacus and with beans and could join them, but 
she did not trade correctly on addiTzion problems. When asked co work the 
following problem on a symbolic level only, she did so like this: 



4 2 6 
18 2 



^^^^ 

She^^ould not correctly show subtraction problems using the abacus and beans. 
When asked to work the following problem Qn a symbolic level only, she did 
so like this: 



2?7 
176 



\ 



7^/ 

She was unable to read any of the problems, now could she tell the answer 
she had on the abacus, with beans or written down. 



X. THE CASE OF W 
by 

PATRICIA CA}^{?BELL 



BIOGRAPHICAL AMV TESTIUG IMFOmTIOW 

N is a female child, born February 13, 1963. She lives with both of he: 
parents, one sister, four years older, and a baby brother. During the late 
fall, N learned that her mother would have a baby in the spring. N wanted 
the baby to be a girl and adamantly stated that, if the baby was a boy, she 
wanted it sent back. However, by the time her baby brother was born, N 
accepted him saying that ''God wanted'* her family to have a boy. 

N*s parents are hig'^ school graduates. N's mot-her does not work out- 
side the home. N's father was a salesman throughout most of the school year; 
however, for a time in the spring he was unemployed. M*s family had a lower 
middle class income and formed most of their social contacts through their 
church. 

N did not go to kindergarten, rather she attended a day care center for 
6 months before her faiuily moved to this city and M entered first grade ^at the 
school at which the experiment was conducted. N was a good student in first 
grade, but not exceptional. She scored slightly above grade level on the 
•Comprehensive Test of Basic Skills (CTBS) administered at grade 1.6 with an 
overall grade equivalent -^^1.8 (reading, 1.8; language, 1.8; mathematics, 2.1) 



At the end of the first grade, -N*s father and older sister began to teach her 
at home. This continued throughout the second grade, as N and har sister 
''would "play school." 

During second grade, N became the top student in her class and, during 
midyear, was identified as a gifted student eligible for special programs 
sponsored^ by, the school district. Her entering second gradj Otis-Lennon 
IQ was 124. On the CTBS administered at grade 2.6, N had an overall grade 
equivalent of 5.1, with reading scales of 4.5, language scales of 5.9, and 
mathematics scal-^s of 4.5. N liked to be challenged and learn new things^ 
but she was also very understanding toward children who did not learn as 
quickly as she did. N was popular in the classroom, c^lthough somewhat bossy 
in her independence and self-confidence. 

N had an entering KeyMath grade equivalent of 3.0. Her counting 'skills 
were advanced as she could identify missing numbers in a written sequence 

( t 6, 7, , 9; 98, 99 TOl) and could compare the numerousness 

of two given sets. However, N could not recognize counting by 3's. N could 
add and subtract without regrouping and solve missing addend problems. She 
could perform mental computation problems of sums less thcui 10. If an 
accurate picture prompt vvas present, N could solve word problems presented 
orally; she was not successful if the picture prompt was absent or inaccurate 

In May of the second grade, N was again adiriinistered the KeyMath test, 
receiving a grade equivalent of 3.8. At this time, N succeeded on addi- 
t"** ^nal items. She could fill in missing numbers of sequer-res representing 
counting by 4*s. She could solve addition and sabtraction problems with 
regrouping involving two-digit numbersrbut not with three-c'igit numbers. 
N could also solve more complex mental computation problems involving two 
operations (e.g.^ 5 5 — 4 + 7) and she could multiply single-digit numbers. 
N could solve orally presented word problems without pi cture, prompts , but 
erred if an inaccurate .picture prompt was present. 

On the PMDC second grade test in the fall, N could count forwards by 
tens to 130, but .^..en counting by t^s from 26 to 126, she skipped 106 and 
116. N counted set; of objects visually. Given bundles of ten straws or 
colored cMps to re^^^ resent tens and ones, N could count by tens and ones 
to determine the value of the display or to foirm a set depicting a particu- 
lar number. She cou.ld use counters to solve an addition or subtraction 
problem, but she occasionally arrived at the wrong solution due to mis- 
counting (e.g.y 23 - 7 + 15). N could identi^fy which number was more or 
less in a set of two numbers, ^7, 4] and [8, 12] ; but she thought that 
19 was more than 31. 

During the spring of the second grade, N again took the PMDC second 
grade test. She was successful on all tasks, with the exception of one 
class inclusion item. 

As a second grader 'in the Tl teaching experiment, N was assigned to 
the multi -embodiment group (Mh using sticks, Dienes blocks, and the abacus. 
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Of the six children orginally composing this (.^ovp N was usually the first 
to success^^fully complete written symbolic exercises. This wai, not apparent 
during lessons involving the embodiments lessons or involving pictures of the 
embodiments without written work. During the introduction of written symbolic 
strategies, N would use the materials to complete the exercises. Later, once 
she understood how to solve the problems symbolically, she used the manipula- 
tives only as a means to check her work, or if requested to explain her work 
to the teacher. 

For the last five months of the teachr.ng experiment, N was the only 
female student in the M group. This had no noticeable influence on her per-- 
fonnance. 

The following discussion of N ' s work in the Tl teaching experiment 
is organized under the following topics: place value, ordering, addition and 
subtraction without regrouping, addition and subtraction with regrouping. 

PLACE VALUE 

Counting and forming displays with the ei:\bodiments to represent numbers 
less than 100 was a simple task for N. At first, when she was forming a dis- 
play and hunting sufficient sticks or units, N would lose her place in the 
counting sequence and start counting over again. She quickly learned to recall 
':he last number she had counted and, after locating more sticks or units, count 
CA from that point. N also v;as one of the first students to adjusr a previous 
display in order to show a subsequent value (e.g., add 2 sticks to 17 sticks 
previously counted in order to show 19 sticks J* When displaying larger values 
(greater than 20), N would sometimes ask her instructor to request "sticks 
again" or "blocks again" rather than changing the embodiment so that she could 
simply adjust her display. 

N had no difficulty in changing from one eriTodiment to another 'and could 
easily represent a number pictured or disrlayed in one manipulative by one of 
the other manipula tives. During the third week of instruction, in order to 
make her displays different from chose of the other children, N began inter- 
changing the embodiments. For example, she would represent 46 with 4 bundles 
and 6 units or 32 with 3 tens on the abacus and 2 sticks. By this time all of 
the children in the M group were proficient with the vocabulary and this 
generated discussion as to whe^iher s displays were correct. The general 
concensus was that units meant units dnd only units, similarly for longs or 
bundles or sticks (e.g., "Show ma 3 longs and 2 units . . .How many is that?"). 
But there could be many correct ways of showing tens and ones or of simply 
showing a number. .^*fter a week or so, N seemed to tire of interchanging the 
embodiments and sropped doing so. 

N had no difficulty reading or writing numbers or reading the terms: 
units, longs, tens, ones, bundles, sticks. She easily filled in worksheets 
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containing exercises such as: 

bundles and ^ sticks 
^ tens and Cy ones 
amd ones 



Given a two-digit number, N could explain the meaning of the digits 
verbally in terms of tens and ones or she could use manipulatives to 
exj>lain the numerals. 

In the spring of the year, N adapted to three-digit numbers between 
100 amd 200 with similar ease. She quickly learned to describe a niiniber 
(written or spoken) or a display in terms of hundreds, tens and ones. 
At first she was hesitant and not particularly accurate at determining 
how many tens were in a number such as 170 or 190 but she was more confi- 
dent with numbers near one hundred such as 120 or 130. Similarly, she was 
sure 12 tens was 120 or 11 tens was 110, but she was hesitant to suggest 
what number was 18 tens. All of this seemed to crystallize for N when 
she ordered pictures de'ricting 10 longs (100) , 11 longs (110) , 12 longs 
(120) , ... 20 longs (200) and pictures depicting 1 bundle of bundles 
(100' . 1 bundle of bundles and 1 bundle (110) , 1 bundle of bundles and 2 
bundles (120), ... 2 bundles of bundles (200). At first, N occasionally 
would err when counting displays of blocks (longs and flats) by tens, 
(10, 20, 30, . . . 90, 100, 10, 20) , however this problem al3o seemed to 
clear up after ordering the pictures. N completed response sheet exercises 
such as: 

tens 

/ h undred /7 tens 

with little difficulty. During group work, these exercises were prompted 
in differing ways. Initially a display was made to depict each line, then 
later only one line .vas proirip*:ed by a display and the students completed 
the exercise. After a time the embodiments were not used. The instructor 
would fill in one line of trie exercise, and the students would complete it. 
N becaitie bured with these activities as she said they were all the same 
and she wanted to do something different. 

Numbers greater than 200 did not present too much difficulty for N. 
She initially thought 3 bundles of bundles (300) would be made of 13 
bundles. However, after the bundle of bundles were taken apart and the 
gro- p started to count the bundles/ she stated, "I mean 30.*' On the next 
item with blocks, she correctly stated that 8 flats (800) would be the 
same as SO longs. N could describe a given number less than 1,000 in 
terms of hundreds, tens and ones or in terms of tens and ones. She could 
change a display depicting a number less than 1,000 involving any of uhe 
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embodiments so that it would show the same number but with "more tens" or 
"more hundreds." Nevertheless, N may not have had a real sense of the larger 
numbers as when asked to tell a number between 500 and 600, she could not do 
so until told that it would soun<L-l'ike-,i' f ive hundred . . . .". 

At the end of the school year, N' had a/cqhcept of place value that she 
could transfer to new situations. During h0;c final interview N was shown the 
following statement and asked if it was t^ue: 

245 = / hundred / 3 tens ^ 5 ones. 

She had not seen sti :ements of this type during- her instruction. N stated 

that the expression was true, 'Lleause that's really 100 (pointing to 13 tens) 

so that makes 200. And 3 tens plus 1 ten fro^^ that one (pointing to 15 ones) 
makes 4 tens and that (pointing to the 5 of 15 ones) makes 5." 



ORPERIMG 

Ordering pictures depicting numbers from 10 to 20 involving different 
manipulative?, was initially challenging for t^. Larger numbers also were more 
difficult for when U was ordering block pictures depicting numbers from 80 co 
90 she said with some surprise, "Ms. C, this is hardl" Also increasing the 
number of pictures to be ordered increased the difficulty of the task for N. 

N could tell which of two displays or pictures was "more, less, greater, 
or fewer." She would determine the numbers represented by the displays or 
pictures and decide more or less on the basis of the numbers, not on the basis 
of the numercusness depicted by the pictures or displays.. She quickly adapted 

to using the formal statement " is greater than or " is less than 

," in both written and a verbal form, as well as placing the syni)ols 

"and " > Shown a set in one embodiment, she could easily form a display 
that was more or less than the stimulus set. N seemed to wait to see what the 
other children would do and then make a display that was correct, but different 
in appearance from the other children's. For example, when asked to make a 
set that was mere than 27 {shown by blocks) , N put out 10 longc. When asked to 
make a set that was less f:han 13 (shov;n by sticks) , N did nothing and said 
that her set shewed 0. ' 

After showing a value with the manipulatives if asked to show a number 
that was 1 more (less), 10 more (less), 2 more (less;, etc., N would first 
state what the adjusted number would be and then change her display to reflect 
that number. N also revealed h^r grasp of ordering at a more abstract level 
when she explained that 27 was less than 41 because "4 tens is more than 2 
tens" or that the number that was 10 more than 137 was 147 "because 3 plus 
1 is 4 and 30 plus 10 is 4C." 

AWITWhl W SUBTUCTTOM mTHOUT HEGROmm 

N was able to use the embodiments to show both addition and subtraction. 
She readily agreed that displays depicting a ntimb r sentence could be made in 
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either a horizontal or a vertical form; however, whsn writing an additive 
number sentence to represent a pictured display she imitated the display* 
For the pictures: 




N wrote 



Bht for 



10 
30 






N w^te 

Tjie only exertion to this was when the pictures reflected both two-digit 
aknd .one-digit numbers in a vertical form* N always wrote the two-digit 
number on top: 




When adding without regrouping using either sticks or blocks, N 
would keep the tens and ones separated on the form board; she would then 
add the tens and ones simultaneously using both hands to sweep the tens 
together and the ones together. Symbolically, she sometimes added the 
tens first and sometimes added t e ones first; she often subtracted the 
tens first. When told to order pictures to show an addition ^blem 
without regrouping (e.g., 21+13), N would first locate the -pictures 
depi-^ting the two addends. Viewing the two pictured addends, she would 
almost immediately know the solution and then search for the picture 
which depicted that number. 

Although N preferred to use the short form for addition problems, 
she would show h^r work symbolically on the long form. However, she 
filled in her work after solving the problem. This occurred for problems 
prompted by manipulative displays or pictures as well as on symbolic 
problems with and without the place value chart structure. 
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25 




25 
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6^ 





On the compuuation problems/ N always wrote a -t- or - sign and lined '^g 
the digits carefully. She infrequently erred on symbolic computation problems 
by performing the wrong operation. N knew the basic facts for addition and 
stibtraction (e.g./ 5-3=2) and could transfer that knowledge to mental 
computation problems involving larger nu-oibers (e.g./ 50 - 30 = 20). When 
solving involved mental computation problems, she seemed to function at an 
abstract level/ almost picturing the symbols in her mind. For example/ when 
asked to solve "43 take av/ay 52" mentally, she said/ "11 .... (Because) 
4 take away 3 equals 1 and 3 take away 2 equals 1 so you have 11 on the bottom." 



miTlOH mV SUZTVAQTiOU mVn REGROmMC? 

N had no trouble adjusting cc solving addition and subtraction problems 
with ri^grouping. Aftf=jr a few enactive lessons on addition with regrouping and 
again after a few enactive lessons on subtraction with regrouping/ N asked if 
they were learning to "borrow" and to "carry". She was quite pleased when she. 
was told that was a name given tc? the v;ork they v/sre doing. 

f ^5 was quite proficient at using ail three embodiments to solve addition 
and subtraction problems with regrouping an<? to explain her solutions, ^or 
eKsmpler when solving the prcbler: 




with longs and 'onTts, N displayed the two addends and jointed the tens and 
ones; she then had 7 longs and 13 anits. explained/ "There's 7 from the 
tens altogether and there *s one more ten over here- -[Motions toward the 13 
units. M then traded 10 of the units for 1 long.). And you would have 3 more 
left if you put: the 1 ten here {places the 1 long with the 7 longs)." The 
answer, she stated, was 33. 

Similarly » N handled addition and subtraction pr-oblems with regrouping 
at the symbolic level v/ith little difficulty. Her errors v;ere due to fact 
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errors (e.g*, 8 + 6 = 13) rather than a misunderstanding of the concept. 
N always added the .ones and wrote that solution. before adding the tens.: 

47 47 47 47 

+ ^29-^ + 29"^+ 29-^+ 29 



IG /% \(. 

Similar I55. she always subtracted the ones first and, if she needed to 
regroup, noted it symbolically. For example, N worked the following sub- 
traction problem: 

L I J (oi^ IS 

IS /f^ a 71$ 

- 38 -^ - 38 -^ -38 ^ - 38 

7 3'/ 



Explaining her work, N said "You can't take 8 from 5 so you trade. You 
mark out the 5 and put 15; mark out the 7 and put 6. 15 take away 8 is 7 
and 6 take away 3 is 3 . . .(The answer is) 37." 

N was able to use her understanding of the concept of regrpux^ing in 
new situations* At the final interview, N was asked to solve a^ddition ^ 
and subtraction problems with regrouping involving three-digit numbers. 
She was not instructed how to do it, but was allowed to use the manipula- 
tive of her choice. N selected the abacus and correctly solved the pro- 
blems. She worked tliese problems from left to right, starting with the 
hundreds. For example, N solved: 

156 
•f 178 

on '*-he abacus in the following manner: 

1. Displayed 156 as 1 hundred, 5 tens, 6 ones. 

2. Placed clips on the abacus above the 156. 

3. Displayed 178 as 1 hundred, 7 tens, 8 ones. 

4. Added the hundreds by removing the clip. 

5. Added the tens by removing the clip. 

6. Traded 10 tens for 1 hundred. 

7. Added the ones by removing the clip. 

8. Traded 10 ones for 1 ten. 

9. Stated the answer was 334. 
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Similarly for the problem: 

524 
- 183 

N used the abacus as follows: 

1. Displayed 524- as 5 hundreds 

2. Took away 1 hundred. 

3. Traded 1 hundred for 10 ten 

4. Took away 8 tens. 

5. Too), away 3 ones. 

6. Stated the answer was 341. 

After solving four problepis of this type on the abacus, N solved three-digit 
addition and subtraction problems with regrouping symbolically. Again she 
worked from left to right: 

426 « 426 (erases 5) 426 (erases 100) 426 

- 132 ^ + 182 -^ 182 182 

J /oo f Cop" 

N explained, "400 plus 100 is 500. 8 tens plips^Zu is 100. 500 plus 100 is 
600 and 6 plus 2 's 8." 

Similarly for subtraction: 

237 
- 176 ^ 



Again, N explained her work: "Well, you can't take away 7 from 3 so I traded. 
One ten and the 3 ^hat's 13. And 1 take away 1 is none. And 13 take away 
7 is 6 and 7 taxo av-ay 6 is 1." 

XI. THE CASE Of P 
■ BY 

PATRICIA CAmELL 

BIOGRAPHICAL ANV TESTING LVFOWMTIOiV 

P is a male cnild, born 5ei:ruary 16, 1968. He is the youngest of four 
children with rv/o older brothers, ages 29 and 19, and an older sister, age 15. 
P and his teenage brother and sister have a somewhat unstable home life, as 
they live either wxth both parents or, at times, some of the children may 
reside with only one parent. P's mother is a high school graduate; she does 
not work outside the home. His father i a manual laborer; he did not graduat 
from high school. 
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P is an aggressive child who is veiy defensive^ He has no sense 
of humcr and frequently interprets innocent statements by other children 
as an insult causing him to strike back physically, in defense of his 
character. P cannot stand to be touched or have his materials handled 
by the other children. A sociogr^ of his second grade class showed 
that P was either named as a best friend (by students who were somewhat 
of a behavior problem in the class) or he was not named as a friend. P 
has no children near his age to play with outside of school; they :e all 
o!der than he is. ?'s mother reported that at home, P is often belittled 
by the older children. At school. P attempts to im.itate tJiem. 

P attended kindergarten at the school ar which the , experiment was 
conducted. During the first and second grade, P was in the Title I Program. 
P did not like to do groiip work, but preferred individual tasks. He was 
conscientious abcut his own work and corrected his errors readily, unless 
he had an audience of other children to^ entertain with his antic^. He 
seldom would ask for help even if he was confused. Only when he felt that 
the other children were preoccupied with rJtieir own work, would P ask for 
assistance. P had an entering second qrade Otis-Lennon IQ of 96 but, in 
the classroom, P was handicapped by his inability to read. On the Com- 
prehensive Test of Basic Skills (CT3S) administered at grade 2.6, P had 
a total reading scal-^ grade equivalent of 1.2 with a language grade 
equivalent of .9,. placing him in the lower 5 percentile range. His 
mathematics scale on tl'ie CT3S w^a 2*1, with a total overall grade equiva- 
lent of 1.6. 

On rhe KeyMath test administered at the beginning of second grade, 
P had an overall grade equivalent of 1.8. He could count and j.denrlfy , 

missing numbers in the sequence , 6, 7, , 9 as well as tell die 

number which preceded 19. However, he could not identify the missing 

number in the sequence 98, 99, , 101 or compare the nunierousness of 

two given sets. ? was able to solve addition and subrroction problems 
of sum.s less than 10, bur. he did not attempt any computation problems 
involving two-digit numbers. P could solve mental computation problems 
involving one, but not two, operations; he could not solve missing adder'^ 
problems. P was not successful in solving word problems presented orally;' 
even if the picrure prompts were available. 

In the spring of the second grade, P was again administered the 
KeyMath test, receiving an overall grade equ^Lvalent of 2,4. He still 
could not compare the numerousness of twp s.^i'^' , but he was able to 

identify the- missing number in the sequence' 98, 99, , 101. P 

successfully solved addition and subtractidn problems involving two- 
digit numbers with and without regrouping; 'however, he occasionally 
erred due to performing the wrong operation. He also could success- 
fully perform mental computations involving two operations if the sums 
were less than 10 (erred on 5 + 7 - 3) . If accurate picture prompts 
were present, P was able to solve orally presented word problems. 

On the second grade PMDC test in the fall, P counted by touching 
objects. He could count forwards from 6 to 15 and from 35 to 46 but 
he could not count back from 44 to 25. When counting by tens, P counted 
10, 20, and then usually continued by oi>3S as either 10, 20, 21, 22, . . . 



or 10, 20, 23, 24, 25, . . . Therefore, he was not able to successfully 
solve place value tasks involving chips. P knew how to use counters to 
solve addition problems such as 18 + 5 and 2+4. However, he used the 
counters to add rather than subtract when presented, the problem 7 3; 
he would not attempt 23-7. ? could identify which number was more or less 
from the sets i^7, 4] and ^8, 12], but felt 19 was more than 31, 

In the spring, ? again took the PMDC second grade test. At irhat tim*5 
he could count backwards as well as count by tens from 10 t:o 130. When he 
counted by tens from 26 to 126, he skipped 116. P was able to solve all 
place value tasks correctly cind to identify numbers which were more or less. 
With the counters, P again added for all the problems, this time stating 
that 23-7 wtas 30. _ 

As a second grader in the Tl teaching experiment, P was assigned to the 
multi--embodiment group (M) using sticks, Dienes blocks, and the abacus. When 
solving problems at the symbolic level, P would sometn^ies use his abacus or 
his blocks as an aid in beginning the exercises* However, once he understood 
what he was to do in the exercise, he. would stop u&ing the manipulatives as: 
an aid. P was frequency one of tlie last to complete written exercises, but 
it did not seem to bother him. > 

The following discussion of work in the Tl teaching experiment is 
organized under the following topics: place value, ordering', addition and 
subtraction without regouping, addition and subtraction with regrouping. 



PLACE VALUE 

P had no difficulty using the ^different manipulati'^es. At first when 
making displays with sticks cr blockfe to represent numbers greater than 15, he 
would lose his place in the counting sequence while hunting for sufficient 
sticks or units and wouLi^ave to stkrt counting over again. However, he 
gradually learned to red||3^ the last number counted and count on from that 
point. Sometimes, P would adjust his previous display to show a subsequent 
number, b\it he usually did not. P h^d no trouble forming displays, using one 
manipulative vhich were prompted by displays or pictures depicting ^ the other 
embodiments. He easily moved from ohe embodiment to another. 

\ 

Written exercises of the for:i;j: ; 

. long and units 

tens and ones 

and ones 



were very difficult for P since he C'puld not read the words. He was able* to 
verbally describe, a manipulative display as, for example, 2 longs and 3 units 
or as 2 tens and 3 ones. If asked what number the display represented, he 
would respond 23. However, characterizing the display as "20 and 3 ones" was 
not natural to P and this caused some confu'sion as he began writing and saying 
" tens and ones." / 
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Despite hi^ awkwardness ix^escribing pictures or objects orally or in 
written form, P had no difficulty using. the manipulatives to show a num- 
ber which was orally described in terms of either bunv'iles or sticks, tens 
and one^, longs and uni^^, or and ^ ones. 

/At. the beginning of the Tl teaching experiment, P could not count by 
tens.. He learned to translate from the number of tens to the number, 
counting 1 ten, 2 tens, 3 tens, < tens, . . . 40," eventually becoming 
proficient at counting by tensT Later, P had difficulty counting by tens 
and^ones. Particularly with the abacus, P would repeat counting by tens 
oyer and over again before counting by ones. For example, he would count: 

"10, 20, 30, 40, . . . 10, 20, 30, 40, .i. . 10, 20, 30, 40,. . ." 
before finally saying: "10, 20, 30, 40, 41, ^2, 43, 44, 45." 

P wrote two-digit numbers greater than 30 by translating from tens 
and ones. That is, if P had to write the number "fifty-seven," he would 
say "5 tens, 7 ones" an<i write "57," Occasionally he erred when writing the 
numbers 16 and 17, writiung the digit in reverse order as 51 or 71. Given a 
written number, P easily explained or displayed the value of the digits. 
Although P decided how;^^j:o writ^ a number by interpreting it as tens and 
ones, he seemed to be p^le to read numbers without verbally translating 
the digits in terms of "t^ens and ones. This was also the case later in the 
year with three-digit numbers as P would interpret a number in termi: of 
hundreds, tens, and on*es , before writing it, but he would read the three- 
digit numoer without initially interpreting, its place value. ; 

P quickly learned to describe a number or display (less than 200) 
in terms' of hundreds, tens, and ones. Although P was certain that 100/ was 
10 tens and conversely, thet 10 tens was 100, he had no idea what numl;|er 
was, for example, 17 tens cr 19 tens. He was more comfortable with num- 
bers near 100 as he would suggest that 12 tens may be 120, but he also 
wauited to check his conjecture on the manipulatives before stating ir with 
any conviction. All of thi.^ seemed to suddenly make sense to P when he 
order ^ pictures depicting 10 loigs (100), 11 longs (110), ... 20 longs 
(200) id pictures depicting 1 bvndle of bundle? (100), 1 bundle of bundles 
and 1 undle (110), 1 bundle of b.mdles and 2 bundles (120), ... 2 
bundlto of bundles (200). /After that lesson P could tell how irany tens 
were represented in any multiple of ten between 100 and 200 and, conversely, 
he could state the numbers/for any 'number of tens between IC and 20. 

P could describe a number greater than 200 or a manipulative display 
representing a number greater than 200 in terms of hundreds, tens, and 
ones. He could use the manipulatives .to represent such a number and could 
also adjust his display so that it would represent the same number, but 
with "more tens" and "more hundreds." T^^ld a number of tens (e.g., 27 
tens) , P soon became proficient at displaying the number or finding the 
picture that depicted the value. Onje he had found the picture or formed 
'his manipulative display to represent the tens, P would count to determine 
the number represented. If asked how many tens were represented by 
number greater than 200, P could use his manipulatives to find the answer. 
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However, P could not solve these problems without the manipulatives and he 
had difficulty stating his solutions as if the,,process of verbalizing was 
hampering him^ 



E: 
P; 



P', what nuinber would you have if you had 90 tens? 
190 



E: Think again. 90 .tens. 90 of these things (points to a pile of 

longs ) • 
P: I have 90 tens? 

' S: (Nods her head affirmatively)- You have 90 of these (E picks up 
some longs) . How many units would you have? 
P: 100 and . . . (no further response). 

E: Well, let*s check it aut. We want to have 90 tens. 
(P and E count 90 longs, placing them in groups of 10 longs. P lines 
up the groups of the longs -so they each resemble a flat) . 

E: Now, you've got 90 tens. Nbw here's a hint. (E picks up a flat ; 
moving it from one group of longs to the next showing that the flat 
"fits" exactly over the group of 10 longs.) 

E: How much have you got? 

P: (As he touches each group of 10 longs) 100, 200, 300, 400, 500, 
600, 700, 800, . . . 900. 

0 

E: 900. Okay ... So 900 is how many tens? 

P: 9 . . .190 . . . 90, 9, . . . ^ 

E: What? 

P:' 9, 109, . . . mmm, 119, ... 9. 

When counting by ones or tens, P usually hesitated before bridging the 
hundred. He may not have had a real sense of the larger numbers for wiien asked 
to tell a number between 500 and 600, ? responded, "287 + 369." 

P initially had some difficulty on the written response sheet exercises . 
as he repeatedly answered in the following manner: 




tens 




However, on worksheet exercises, P used the pictures as an aid and correctly 
answered problems of this type. 



P seemed to have acquired the concept of place value by the end of the 
second grade. He often decided how to write a number by translating it in 
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terms of tens and ones or hundreds, tens, and ones. He also was able to 
apply his concept of place value' in a new situation. During the final 
interview, P was shown the following statement; 

245 = 1 hundred 13 tens 15 ones 



He had not seen statements of this type during his instruction. , P stated 
the expression was true " | cause you got 13 tens and if you trade . . . 
you get 200. Then 3 tens. Trade'. Get 2 hundred . . . forty . . . five." 

ORpERIMG 

Ordering pictures depicting numbers from 10 to 20 involving differing 
manipulatives was very difficult for P, particularly when dealing with 
abacus pictures. Similarly, throughout the year, ordering pictures de- 
picting larger numbers or ordering pictures representing non-consecutive 
numbers was a very cha3lenging task for P but, ^ with sufficient time, he 
usually was successful. 

P could tell which of two displays or pictures was "more, less, 
fewer, or greater^" He seemed to initially compare the numerousness of 
the sets and then check his answer by counting. Shown a set in one embodi- 
ment, P could easily form a display that was more or less than the stimulus 
set. For example, when asked to make a set that was more than 27 (shown 
by blocks) , P displayed 4 longs and 5 units. P never did easily use the 

formal terms " is greater than " or ^' is less than ." These. 

phrases seemed to hinder P as he would concentrate so much on the form 
that he would forget the value of one of the displays or pictures before 
he completed the phrase or he would say, for example, "92 is better than 
29." 

At the sxmODolic level, P could not read the words "is" or "than" 
with any consistency; hence, he had difficulty placing the "is greater than" 
or "is less than" cards between numeral -cards. P seemed to place "<" 
or " > " cards readily enough, but .hesitated to read either the symbolic 
or the written statements. Usually, P would repeat the numbers involved 
aloud and then make up either an "is greater than," an "is less than," or 
an "is better than" statement. Later in the year, when asked to read the 
statement: 

56 >52 

P replied, "56 is higher than 52." 

After showing one number with the manipulatives, if asked to show a„_ 
number that was 1 more (less), 2 more (less), 10 more (less), 100 more 
(less), etc., P would adjust his display and then count before stating 
the adjusted number. The only exception to this was with the abacus. If 
asked the number that was 1 more (less), 10 more (less), or 100 more (less) 
than the value displayed on the abacus, P could answer correctly without 
adjusting the display. Ho;;ever, if asked the number that was, for example, 
2 less or 20 more than the value displayed on the abacus, he would adjust 
the display and count before responding. 
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AWlim m SUBTRACTION WITHOUT REGROUPWG 



P was able to use the embodiments to show both addition and subtraction 
problems without regrouping. He readily agreed that either horizontal or 
vertical displays with differing embodiments could be used to depict the same 
numbfer sentence. When writing a number sentence for a pictured display, for 
example: 



s ^ ^ 



S 3 



P would horizontally write: 



.GO 



t 



But vertically he would "write up" in the following fashion: 

I 




Similarly, fcr the picture: 



P wrote: 




50 £0 



This procedure of "writing up" the problem continued throughout December. After 
Christmas vacation, ? stopped "writing up" a problem. 

When adding without regrouping using either sticks or blocks, P would keep 
the tens and ones separated on the form board; he would then add the tens and 
ones simultaneously usincj both hands ro sweep the tens together and the ones 
together. Symbolically, P added or subtracted the tens before adding or sub- 
tracting the ones. When told to order pictures to depict an addition problem 
without^egrouping (e.g., 21 4- 13) , P would first find the pictures to show 
each addend. Then he would count the total number of tens and the total number 
of ones depicted on the two pictures (3 tens, 4 ones). Finally he would look 
for the picture that depicted that number of tens and ones. 

o 

P initially had difficulty using the longer form for addition problems. 



P initially 


' had 


the problem: 




3 


3 


2 


2 




5 


5 


0 


5 





P wrote 



3 


3 


4- 2 


2 


60 




t — 
0 


5 



90 



Later he wrote: 





XT rather than 3 


/ 


0 


O V 


s 
0 


9 


! 5 / 


5" 



Ovals weVe then added to the structure of P's worksheets, and he 
then completed tha exercises successfully. 



2 

+ 1 


3 , 
4 















On the next set of symbolic worksheets ^ 
ing to sdlve the problems. ^ 



P drew ovals before attempt- 



^Furi:her use of the manipulatives on the form board in conjunction 
with the actual writing the problem used as a record of his actions seemed 
to be very beneficial for P. He was able to explain the meaning of his 
written .work with the manipulatives. At this time^ P began adding the 
tens first, with the manipulatives, and also recording in that order. 
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P did not want to use his fingers to solve the basic facts in^/olved 
in the symbolic addition and subtraction problems without regrouping. 
He would count on to add and count back to subtract. Initially this led 
to errors as, for example to solve: 

4 8 
- 2 5 



? would count back "8, 7, 6, 5, 4" and write "24" as the solution. 
Similarly, he would count on to add 8 + 6 by saying, "8, 9, 10, 11, 12, 
13," and write 13 as tJie solution. After instruction with the emoodi- 
ments, P learned to count on and count back with accuracy. However, he 
did npt pay much attention to the operation signs. Therefore, he would 
often add when he should have subtracted and subtract when he should have 
added. 
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During oral drill, P seemed to understand the relationship between the < 
basic facts for addition and subtraction such as "8 take away 3" and the 
similar statements, "8 tens take away 3 tens." However, he could not transfer 
these solutions to problems such as 80-30. Yet he stated that a display for 
8 tens - 3 tens would also show 80 - 30. 



When reading the symbolic problems, P would use one; of two methods, 
example, he read, "89 take away 53 equals 36," for 

^8 9- 
-5 3 



For 



but for: 



4 
2 



0 



/ 



he read, "4 plus 2 is 6; 0 plus 3 is 3." This dual method also occurs when P 
solved Siental computation problems. When asked to solve "23 plus 5," P said 
the answer was 28 because, "I added 5 and 3 and got 8. I 
Yet he said "45 take away 32" was 12 because "I/look away 
and, ... 5 take away 2^equals 2." 



already had 20." 
3 from 4, equals 1 



kWlJlOU m SUSTRACTZOU WITH REGROUPING 



) 



< 'P quickly learned how to solve addfition problems with regrouping with the 
sticks and the blocks.. He was able y/ explain his manipulations and later, at 
the symbolic level, relate the numerals to the stick or block manipulations. 
P could show .addition with regrouping on the abacus, but, at first, he was not 
very proficientv,.at explaining his manipulations. Writing seemed to. ease this 
and P began to choose the abacus over the sticks or blocks v;hen he needed an 
aid to complete the symbolic worksheets. P seemed to solve the computation 
problems rather mechanically.- For example when solving: 

3 8 
+ 57 



P would talk to himself as he solved. 



P: 8 plus 7 . 
(writes 15) 



.8, 9, 10, 11, 12,' 13, 14, 15. 



P: 3 plus 5 . 
(writes 80) 

P: 5 plus 0 . 
(writes 5) 

F: 1 plus 8 . 
(writes 9) 



He could explain his work on the embodiments. 



3 8 
+ 57 



I 5 
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The shading on the addition with regrouping worksheets (see 
'Appendix D ) was very confusing^ for ^.He'usually'ignored the shading 
rather than use it to determine the s\iin'of the ones. However, the 
sfiading seemed to interfere with his^ counting. At one point^ he said^ 
the shading meant "take away." ^ 

Before beginning subtraction with regrouping / P was completing 
worksheets involving both addition with regrouping and subtraction with- 
out regrouping. P carried the structure of the addition problems over 
to the subtractio^:probleml. For example, P solved the- following 
problem "the long way/' as he called it. 

5-8 

- 3 4 ' .■ - ' ' 



P*s biggest problem when solving sxjbtraction problems with re- 
grouping with sticks or blocks at the enactive level was his forgetful-^ 
ness. He would redognize the need to trade a bundle or long for 10 ones 
in order to solve the subtraction problem. -He would add the 10 ones ,to 
the ones for the trade, but he would fail to remove the bundle or long, 
t^hen asked to explain his work, P would say he had traded a bundle or a 
long., completely unaware of 'his error. P was never confident when using 
the abacu^ to show subtraction with regrouping. ^ , 

Symbolically, P often did not indicate a ^change in the-. tens due to 
a trade, but he would' remember it. For example, he solved: 

5 7 5 ^ _^ ^ ^ 

-.38^^ -38 ^- 3 8 "38 

— . — : — Y ^fT ■ , ; • 

When completinc; workshee*ts involving both addition and subtraction 
problems, with and without regrouping, P often erred duW to' performing 
the wrong operation or due to arithemetic fact errors, but he usually 
recognized the need to "trade,/' as he called regro\:rping. Occasionally, 
he would fail to regroup and solve: 

- 2 6 " " ^ " 



At the final interview, P was asked to solve addition and subtrac- 
tion problems with regrouping involving three-digit numbers. He was r\ot 
instructed hov; to do it, but was allowed to use the manipulative of 
his choice. P selected the abacus and correctly solved the addition 
problems, wo>'kinG the problems from left to right. For example, P solved 

15 6 
^ +378 

in the following manner: ' ^ 
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!• Displayed 2 hundreds on the abacus. 

2. ' Displayed 12 tens on the abacus. 

3i Displayed 14 ones on the abacus. 

.4. Traded 10 tens for 1 hundred'. ^ 

5.' Traded 10 ones for 1 ten. 
^ ^ 6. Stated the answer was 334. 

Symbolically, P was not able to solve three-digit subtraction problems on 
the abacus. * Without |l manipulative aid, P could not solve three-digit addition 
auid subtraction problems without regrouping. 

-XII. THE CASE OF R 
■ by ' 

PATRICIA CmSELL 

BIOGRAPHICAL MV TESTIHG WFORSiATlOK 

- R is a male child, boirh June 12, 1968. He is the fourtJi of five children 
with an older sister, age 18, two older brothers, age 11 cind 12, and a younger 
sister, age 5. R lives with his mother, brothers and sisters in a federally 
suppor.ted housing project; he does not know his father. R's mother has a^ 
ninth grade education and works as a sales clerk in a department store. 

R is a pleasant child; possessing a- subtle sense of hinnor which is^ 1, 
unnoticed by the other children. School is often a frustrating experience 
for R; he has very little self-confidence. R frequently copied the work of 
his classmates without any noticeable sense of guilt; however, if he was able 
to do his school vork successfully on his own, he was very protective of it, 
not wanting the other children to copy his' work. 

R comes from disadvantaged circumstances and, when .entering kinder- f" 
garten he was already behind most of his classmates. He was unable to 
identify household items or animals and had no experience with shapes, colors, 
reading, or writing. During the first and second grade, R was in the Title I 
Program and-had regular sessions with the school speech therapist. R seemed 
to have a perceptual problem as in first grade lie wrote from right to left and 
by the end of first grade, he could recognize and name upper case letters 
but not the lower case alphabet. Ke also wrote the nxnnerals 5, 6,, 7 and 9* 
backward^. By the end of second grade, R could recognize and name both upper 
and lower case letters, but he still could not read. He continued to mis- 
spell his name frequently and write the nxnnerais 5 and 6 backwards; however, 
he usually wrote from left to right. R.was ranked lowest in the class by 
his second grade teacher. On the Comprehensive Test of Basic Sk-ulls (CTBS) , 
administered at grade 2.6, R had a total reading scale grade equivalent of 
1.7 and a language grade equivalent of .6. His mathematics scale was 1.9, 
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with a total overall CTBS grade equivalent of 1.5. R-had an entering second 
grade Otis-Lennon IQ of 75. Tested at mid-year, R was classified as having 
"borderline learning disabilities"; the school psychologist recommended 
that he be retained in- the second grade. 

\^ 

On the KeyMath test administered at the beginning of second grade, 
R had an overall grade equivalent of 1.6. He could not count items in 
.two-dimensional picture which utilized depth perception cues, however he 
could count accurately when the depth perceptior\ cues were not present. 

R correctly identified the missing numbers in the sequences 1, 2, , 

4, 5 and , 6, 7, , 9, but he was able to tell the number which 

preceded 19 or identify the missing number in the Sequence 98, 99, , 

101. R was able .to solve addition and subtraction problems of sums lesp 
than 10, but he did not attempt any^ computatioji problems involving two- 
digit numbers R could not solve missing addend problems or oral compu- 
rgation problems. If accurate picture prompts were present, R could 
solve orally presented wofd problems. 

The KeyMath test was again administered to R during the spring of the 
second grade. He received an overall grade equivalent o^ 1.9. At that time 
R knew the number which preceded 19, but he still could not identify the 

missing number in the sequence 98, 99, , 101, or count pictured items 

utilizing three-dimensiona3, cues. R was able to solve addition and sub- 
traction problems without^ regrouping, but did not know the basic facts for 
sums between 10 and 20. R could solve mental computation problems which 
involved addition or subtraction facts of sums less than 10 (e.g., 1 +'"4 - 2 
but he was unsuccessful on problems involving facts of sums greater than 10 
(e.g. , 5 + 3 + 6) . R still could not solve missing addend problems or 
orally presented word problems without accurate picture prompts. 

On the second grade PMDC test administered in the fall, R counted by 
touching objects. He could count from 6 to 15 and 35 to 46, but could not 
count back from 44 to 25. R could not count by tens. On the glace value 
tasks, ^R always counted by ones, counting each bundle or chip as one. 
For example, when asked how many straws there w^re in 6 bundles of ten 
straws, he replied "6." R was unable to use counters to solvef written 
addition or subtraction problems.- R knew that 12 was more than 8, but he 
thought that 7 was less than 4, and that 19 was more than 31. When asked 
to order four numeral cards from smallest to largest, R placed them in 
the following manner: 5, 3, 2, 9. 

In the spring, R again took the PMDC second grade test. R still 
counted by touching objec.s and could not count back from 46 to 35. 
Howcvgr, he could count by tens from 10 to 100 and 26 to 96, but not 
beyond 100. R was able to perform the place value tasks involving bundles 
of straws and chips, counting by tens and ones. *With the counters, R 
successfully solved the pifoblems 2 + 4, 18 + 5 and 7-3; however, he 
added 2 + 3 + 7 to solve 23-7. R correctly ordered the elements of 
2, 3, 5, 9 from smallest to largest and identified which number was more 
or less in the sets y? , 4j and ^8, 12j . However, R stated that 19 was 
more than 31. ' 
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As a Second grader in the Tl teaching experiment, R was assigned to the 
multi-embodiment group (M) using .sticks , Dienes blocks, and the abacus. R 
found work involving writing or reading to be very difficult, and he did not 
function well in th6 symbolic setting. However, he had no difficulty handling 
the concrete nttterials or pictures and usually was successful ' on tasks at the 
enactive or iconic levels. In the classroom, R rarely spoke; in the small M 
gro\^^ he volunteered his ideas, particularly if the task under discussion 
did. not require reading. R would complete written worksheets assigned to him, 
but he was Easily frustrated by corrections .--^If R had more than two items 
identified as errors on his worksheet, his frustration and tears precluded 
any additional assistance from the instructor. If R had only one or t.wo items 
marked wrong, he was able to utilize suggestions from his instructor and 
correct his work. R rarely "^used the embodiments when completing symbolic 
worksheets because the other children in the group did not use them then. 
He needed them, however, in order to succeed with the .tasks. 

The following discussion of R's work in the tl teaching experi#aent ^is 
organized under the following topics: place value, ordering, addition and 
Slab traction "without regrouping, addition and siibtraction with regrouping. 

PLACE VALUE 

R had some initial difficulty councing from 10 to 15. Also when 
making" displays with sticks or blocks to represent numbers with more than 5 
tens or more than 5 ones, R would often lose his place in the counting 
sequence while finding sufficient sticks or units and would have to start 
counting oyer agc^in. He gradually became proficient at making and counting 
displays, changing from, one embodiment to cinother without hesitation, but 
preferring to use the abacus. At the enactive level, R became as efficient 
and accurate as the other children in group M on any of the embodiments. R 
had -no trouble forming displays using sticks (blocks) which were prompted by 
displays or pictures depicting blocks (sticks )b. He initially had difficulcy 
forming displays on the abacus from block or sticTc picture stimuli/ but not 
^rom block or stick displays. 

^ At thB beginning of the Tl teaching experiment, R could not read and 
could not write any number greater them 11 with' any consistency. Hence 
without picture prompts, he found filling in response sheets of the form: 

bundles and sticks 



tens and^ ones 



\ and ones 



to be very frustrating. Orally, R could describe a display in terms of 
the manipulative and then, if reminded the meaning of the words or prompted 

by pictures, he could fill in bundles and ^sticks. The remaining 

statements were often confused: ^ 

tens and , j ones 

^ and 3 ones 

96" 

• Inf. 



R found. no inconsistency in writing: 

^ . longs and V units 
to and V pnes 

. / ■ ■ . . . 

R initially had no understanding of the meaning of digits in 
written numerals representing number's greater than 10. He pften reversed 
the digits writing 02 for 20 or 61 for 16; he also confused sounds inter- 
changing for example, 3 with 30, 13 with 30, 15 with 50 and 18 with 80, . 
when writing cr J^'speaking. Afte^ leaf ning^ the meaning of tens and ones 
and their representation dn^/iumefals, R was gradually able to read and 
write numerals using a translation process^ , From a display pr picture, R 
could determine the nuiiiber of tens and tiie number of ones and then record 
that information. ^ Similarly, R could translate two-digit niimerals into: 
tens and ones, f oriRv a display with the eniDodiments , count, and th^n tell 
the number. Later he> learned rtq translate without the embodiments. - If 
asked to reach, ^for exai!5>le, the n^jmeral •*35," R stated "3 and 5"; but if 
asked how much the nuipber >35" was,___he covild translate •'3 tens . . . 
5 ones ... 35." R nev^t^^earned to write. the numerals "12, 13, 15"; each 
time he wanted to write these numbers »as solutions" to^^his written exer- 
cises, R asked his instructor how to write them. Periodically throughout 

the year, R orally described displays or pictures as " ones and ^tens" 

<"rather than tens and' ones.**^ 

In the fall R could not count by tens. He learned co translate 
from the nvmiber of tens depicted to the total number countp-ng "1, 2, 3, 
A, 5, 6, ... 6 tens. . . . 60," eventually becoming proficient at coiinting 
by tens. At first, counting by the tens led to ^occasional errors when . 
counting by tens and ones as he would count "10, 20, 30, 40, 50" rather 
than "io, 20, 21, 22, 23." Continued experience .with the three embodi- 
ments seemed to eliminate thife counting error. 

Larger nvmibers may not have had much pieaning to R and the quantity 
of materials may have been distracting. He quickly learned to display 
quantities from 10 to 40 without recounting bundles or longs; however, he 
would sometimes stop and recount bundles or longs when making displays 
for numbers from 80 to 90. Later in the year with .three-digit numbers, 
R usually grouped 10 longs in his displays to resemble a flat and quickly 
counted or formed_displays with blocks. However, he was not as comfortable 
with sticks, and he occasionally' recounted tlie number of bundles in his 
bundle of bundles. One day after breaking up 3- bundles of bundles and 
then counting the 30 bundles, R announced, "But that don* t look like no 
30. When counting, R usually hesitated when bridging hundreds. 

R quickly learned to describe a three-digit numeral or a display 
(greater than 100) in terms of hundreds, tens, and ones. He also could _ 
adjust his displays so that they represented the same value but with 
"more tens" or "more ones." Although R was certain that 100 ^was 10 tens 
and^ conversely, that 10 tens was 100, R had no idea what number was, for 
'example, 12 tens or 18 tens. After ordering pictures depicting 10 longs 

o 
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(i*t)0), «1 longs (110), • • 20 longs (200) and pictures depicting 1 bundle 
of bundles (100), 1 bundle of bundles and 1 bundle (110), 1 bundle of bundles 
and 2 bundles (120), • • • 2 bundles of bundles (200), R seemed to see^a 
pattern for tihe first time. However, he still needed to use the embodimjen ts 
in order' to state how many tens were represented in a number between 100 Bnd 
200 or what number was represented by a given number of tens. 

By -trahslating in terms of the number of hundreds, tens, and ones, R 
could write or read three-digit numerals. Frequently, he used the abacus as 
an ^id when waiting these numerals from an oral stimulus. 

Although R learned to read the- words "hundreds, tens, and ones" and 
.could use his manipulatives to display the value? prompted by a written stimu- 
lus and record his display numerically, he could not function at a completely 

symbolic level unless the order of presentation was hundreds tens 

' ^ones. Without embodiments he was unable to successfully complete written 

exercises of the following form as he wrote: 

" 17 tens = hundred ^ tens 

6 tens 1 hundred = ^ ) tens 

10 h undred // tens = 190 

Using Dienes blocks, R corrected his work on this exercise. Similarly, with- 
out embodiments he erred when completing exercises such as: 



9 hundreds 
2 tens 
.5 ones 



8 tens 

2 ones 

3 hundreds 



5 ones ^r"^^-^ 

-0^-tens <^ 
3 hundreds 

But when an abacus was present, he completed the exercise without error. 

• Ordering pictures depicting numbers from 10 to 20 involving differing 
manipulatives was a. very difficult task for R. It was complicated by his 
inability to count from 10 to 15. Initially, abacus pictures were often mis- 
placed or ignored in his ordering. -^Throughout the yeaif, ordering pictures 
depicting larger numbers or ordering pictures representing nonconsecurive num 
bers was a very challenging task for R; if at all possible, he copied the 
'ordering of the, other children. R's method of ordering pictures representing 
consecutive numers was somewhat primitive as he would determine what number 
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should bef portrayed in the next picture' and then he would count every 
remaining .picture until he found . the one he needed* It was not until after 
Christ-mas that, R learned to scan the pictures , noting the number of tens 
•and ones, in drder to facilitate his ordering and selection* 

R could tell which of t^o displays or pictured was "more, less, 
fewer, or greater." He seemed to compare th^ numerousness of the 'sets 
rather than counting each set to determine how many. Shown a set in one 
embodiment, R could form a set that was more or less than the stimulus set* ^ • 
For example, when asked to make^ a set that was more than 27 (shown by blocks) , 
R displayed 3 longs and 5 units (35). When asked to make a set that was less 
than the set of 13 *s ticks, R displayed 1 stick. o 

R never was comfortable using th^ formal terms " is greater than. 

" 'or " is less than He would hesitate and forget the value of 

one of the displays or pictures before he completed the phrase. Also, if ' 
asked if a statement, is greater than £1/' was true or false, he would 

hot know. But if he was asked which number was greater, 37 or 31,. he could 
answer correctly. " ' ^ 

At the •symbolic level, R ^could not read the words "is" or "than"; 
hence, he had great difficulty placing the "is less than" of "Is greater 
"than" cards between numeral cards to describe displays. Hisvjnethod wa's 
to form the displays for each of die two numbers, 'write this numerals for 
each display, and then place either an "is less than" 'or an "is greater 
than" card. When told'what .'the inequality card said, R would judge^his 

as correct or incorrect. If he felt it was incorrect, R vwould exchange 
the order of the displays and the numeral 'cards, rather. ^h^_j:hange the 
inequality card. 




^-"--Si'm^io^y-R-in^ inequality cards "<" «or " >" as a memory . 

-task so^hat the symbol pointed to the smaller, nvimher , but he could Hot . , 
read the symbolic expression. It pressed to explain ^he symbolic statement, 
R would repeat the numbers /over'^Q over/, and then" make up an "is less than" 
or an "is greater than" ^state.-nentr For example, R read: ^ "16.<.36" as ^ 
"16, . ^ ^.-^3 -tens-^, T^ones . . . 36*, . • . ^6 . . . .36 . . is greater ' \ 

-than 16/* When writing the inequa^ties, R usually placed, the sighs ver- 
tically such as "56 V 52." •. ^ ' ^ -v 

After showing a n4nber with any of the manipulatives , if a'sked to 
^show a number that was 1 more (less), 10 more (less), 2 more (less), 
200 more (less), etc., R would adjust his display and count, correctly, 
staging the adjusted number. He was not successful at these tasks at • \ 
either a verbal or symbolic level without manipulatives; usually he , « 
would not attempt such tasks without a manipulative. 
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R was able to use the embodiments to show both addition and subtraction 
problems without regrouping. He agreed that either horizontal or vertical 
displays with differing embodiments could be used to depict the same number 
sentence. The-^ahacus pictures were confusing for but after some experi- 
ence at usincj^ theaB^eus to show what the abacus picture depicted, he learned 
to interpret addition and ^subtraction conditions on the cibacus pictures. 

When adding without regrouping using either sticks or blocks, R would 
keep the' tens and ones separated on the form board; he would then add the 
tens and ones simultaneously using both hands to swe^p the tens together and 
the ones together. Symbolically, .^R usually added or subtracted the one^ before 
adding or subtracting the tens. When ordering pictures to depict addition 
without regrouping (e.g._^l_+ 13) , R would ^first find the pictures to ^show ^ 
each addend. Then he ^uld count to find the sum (10, 20, 30, 31, 32, 3'3, 
34), pointing to each item on the pictures as he counted. Finally, he would 
.hunt t6r the picture that showed 34. ^ * 

R had difficulty writing addition and subtraction problems without the 
structure provided by a place value chart. His numerals were somewhat 
scattered; • _ • ^ 

so - 



■30 



even when copying from the blackboard. He never placed either a + o r a - 
sign. ^ ^ \ ^ 

An expcmded form for the addition algorithm was initially confusing for ^ 
R^ and he did not know where to write his solutions. 'x 



' 6 
+ r« 



3 

4.N4 



~7 



1 

6 



7 

~7 



If R had to write and .solve . confutation problems using the longer form on 
worksheets from pictured stimuli,' he had di-fficulty writirtg the problem 
as well as noting his solution. 



100 



, / 


3 




9 


J 


0. 



10.9 



/ 

f 


3 - 


/ 


9 
0 


7 


9 



Ovals were then added to the structure of R's worksheets, and he 
was able to write both the problem and the solutions: 



2 

+ 1 


3 
4 








[ ^ 







in the correct location* At this time R often, reversed the order of 
the digits or wrote r for exainple, 60 for 16 or 90 for 19, while saying 
"16" or "19" aloud. For example, he wrote 















9 


0 



rather 







1 




1 


8 


than 














1 


9 



or • 




After completing several exercises of this type, R was able to 
solve addition problems without regrouping in the long form without 
pictures if the place value chart structure was present. If the* struc- 
ture was not present, he would not use the long form, rather he would 
solve for the total sum and write that solution.. 

4 2 4 2 

+ 25 ^ J_2 5 

-y^ 

Although R had difficulty writing the problems and reading them, he 
seemed to understand addition and subtraction without regrouping since he 
could explain tlie meaning of his written work. 
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If pictures were not present, R would solve addition and subtraction 
problems in a mechanical manner, talking aloud to himself. For example, 
when solving: 

8 0 5 2 

R stated: "0 take away • • .0 (writes 0), 8 take away 4 • . • 4 
(writes 4) ... 2 plus 7 , . • 9 (writes 9). 5 p] us 3 ... 8 (writes 8." 
If R did not know the solution to the basic fact contained. in the problem, 
which he usually did not, he used his fingers or made tally marks to find the 
solution. 

During oral drill, R seemed to understand the relationship between the 
.basi.c_factsjqr addition and subtraction such as "3 take away 3" and "8 tens 
take away 3 tens." However, he could not transfer these solutions Xo oral * - 
problems such as "80 take away 30." But R^ stated that the display for 8 
tens - 3 tens would also show 80-^30. 

R did not know the basic facts. For .problems involving facts with sum 
less than 10, he would use his fingers. For addition problems of sum from 
10 to 20, R would solve by tallying and, for subtraction facts, he would 
"subtract up." 

] 6 15 -12 
- 7 2 i Z 5. 

/ i ■ / '/ / 3 

After instruction concerning counting on a method of adding and sub- 
tracting, R was able to solve the basic facts from sum 10 to 20. However, in 
the spring of the year, R began trying to subtract by counting back and became 
very confused. . He reverted back to "subtracting up." R was never able to 
solve these mental computation problems which he could not solve on his 
fingers. On written exercises containing both addition and siib traction 
problems without regrouping, R would sometimes err by performing the wrong 
operation. 

miTlOH ANV SU8TRACTI0W WITH REGROUPIUG 

R quickly learned to do addition problems with regrouping using the 
sticksr and the blocks. He initially needed step-by-step directions in order 
to use the abacus for addition problems with regrouping and was frustrated 
when using that manipulative. After practice with all three embodiments, R 
seemed to see the similarity between his trading activities with the sticks 
or blocks and the trading on the abacus and would choose the abacus over the 
sticks or blocks at the enactive level. 
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R seemed to have more difficulty writing addition problems ur 
v;riting the solution, than he had determining the solution* For example, 
R*s initial attempt at writing 



5 




/ 




/■ 


V 


C 






9 





9 




Id 

04 

> 







Gradually, ith further use of the blocks and sticks on the form 
board, recording his manipulations, and further instruction with pictures 
and writing, R learned to solve and write the solutions to addition 
-problems with regrouping, if a structure was present* Periodically he 
wou2 d err b y r eversing digits, writing 30 for 13, 80 for 18, or a com- 
bination of these errorsT"^ — - - 















■ t 








■ 1 


H 






■ O 




o ^ 




/ 


9 






If the place 






columns:' 








2 


3 






+ 5 


. 8 



/ 




? 




o ^ 


3 






3 



R added by 



7 9 
+ 9 

■ ^/^ 

Subtraction problems with regrouping at the enactive level were 
more difficult for R than the addition problems as he would sometimes 
forget to remove a ten, after "trading" for 10 pnes or he would lose 
his train of thought, forgetting that he was to subtract, when . cpunting 
ro ones for a trade* Again the abacus was more challenging" than either 
the sticks or blocks, and he initially required step-by-step guidance 
on its use* With practice', R became ^proficient solving subtraction 
problems with regrouping on the abacus* 

At the symbolic level; R never understood subtraction problems 
with regrouping* He was able to make a display to represent a number, 
trade a ten for 10 ones, and then explain why his new display sjtill 
showed the same, number, recording his work as: 
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But R never was able to apply this in a^ symbolic subtraction situation. When 
solving written subtraction problems with regrouping, R> refused to use the 
manipulatives which he needed, since , the other children in the group were not 
using them. Instead he would solve: 

- 1 9 



and then ask, "Is this right?" After being reminded that he had to trade ^ 
something in order to have 15 ones, R would complete the problem. However, 
in testing situations without an embodiment, R simply "subtracted up," 

3 5 8 6 4 0 

i_8 ^ 5 - 1 6 



JL3 jf3-^.. 



/ 

R'i* lac|c of understanding of regrouping may be' best illustrat'ed' by his 
attempts to ^olve regrouping problems involving three-digit numbers. He 
,j could- not soive the problems on the abacus and symbolically he solved: 



I 



2 6 



.. ' +18 2 

' .1 ^ ^ 
'saying "4 and 1 makes 5; 2 and 8 makes 10; 6 and 2 makes 8," Similarly he 
solved: 

2-3 7 
-17 6 

/ y / 

saying, "2 take away 1 is 1 and 7 take away 3 equals 4 , , . And 7 take 
away 6 equals 1. 

mi. THE CASE STUVy OF S 
BV 

CVmiA CLARKE 
BIOGRAPHICAL AWP TE5TIWG IWFOR.VIATIOW 

S, a female, was born May 25, 1968 and has a sister four years younger. 
Her mother is completing her undergraduate degree and works parttime at a 
department store. Her father, who is physically handicapped, attended lav^/ 
school and works in another city. Perhaps because of her father's handicap, 
S is very sensitive and extremely kind to those who are less fortunate than 
she is. She would frequently seek out the child on the playground who had no 
one to play with. 
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S is above average in her class, although her Otis-Lennon IQ of 
96 reflects average abidity* Her parents strongly encourage her to 
succeed in school ♦ S is unhappy being the smartest in a group and is 
embarassed by being singled out for her academic achievements ♦ She would 
often encourage the teacher to find errors in her written work and would 
write the total number wrong at the top of a worksheet page if the 
teacher did not/ 

A sociogram of S's second grade class showed her. to be extremely 
popular especially with the girls* She did not like to get dirty and played 
mostly "girl" games, such as school and jacks* S possesses a strong imagi- 
nation and a charming sense of humor* She exhibited evidence of religious 
influence, often writing stories about God and Jesus and indicating that 
she read the Bible at night* ' . * * . 

S is anxious to please the teacher and would prefer not to attempt a 
new type of problem rather thar) to chance doing it incorrectly* On achieve- 
Tnent tests, the regular classroom teacher often found it n^^cessary to remind 

5 that if she could jiot do a particular~problem she should go on and try 
_the next one* 

In the first grade, S was one of "few first graders placed in a^T 
secpnd class due to space limitations* During the second grade she shoyf^ed 
marked improvements in all subject areas according to her CTBS (Ccmprehen- 
sive Test of Basic Skills) scores* Her mathematics subscale score increased 
from a grade equivalent of * 8 at the end of the first grade to 2*8 at the 
end of the second grade* Increases in the other areas were of, similar 
magnitude (from 1*9 to 3*9 in reading,' 2*3 to 4*1 in language, 1*7 to 3*4 
for total scale)* ^ ' , - \ 

\ 

The KeyMath Diagnostic Arithmetic Test, administered at grade 2*0, 
yielded a grade equivalent of 2*2* S scored above second grade level in 

niimeration,^ orally filling in the blanks for , 6, 7, , 19; and 

98, 99, , 101* She could perform simple addition, svibtraction, and 

word problems- wi4:h pictures and symbolic addition, subtraction, and miss- 
ing addend problems (sums less than 10)* .She correctly answered two of 
the difficult numerical reasoning problems, but could not handle mental 
computation involving more than two nv,"nbers* 

On the PMDC Grad«^ 2 Mathematics Test, also administered in the fall, 

6 was able to successfully count picture set^, count from 6 to 15 and 

35 to 46, count back from 6 to 1, and from 44 to 33*- She could count by 
tens to 100, but starting at. 26 she could only x:ount by tens to 46* S 
could tell and write the number of sets of straws and color-coded chips 
by counting by tens apd ones and constructed a set of straws of a given 
number* She could not, however, construct a set of straw or chips 
corresponding to a written numeral or construct a set of a given number 
of chips in response to oral instructions* S solved simple addition and 
subtraction problems u^ing beans, but miscounted on the more difficult' 
two-digit plus o.ne-digit addition problems* She added on Uic cwo-digit 
minus one-digit "subtraction problem and again miscounted* She could order 
2, 3, 5, 9, tell which of 8 and 12 was mor^ and tell which of 7 and 4 was 
. less* She indicated, however, that 19 was more than 31* 
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The administration of the KeyMath test at grade level 2.8 yielded a 
grade eqiiivalent of 2.6. S showed a slight improvement in numeration, 
answering one additional item correctly. She demonstrated ability to do addi- 
tion and siabtraction with and without regrouping. She could now do mental 
computation involving three addends, but not where both addition and subtrac- 
tion were involved. Although she had done so ^n the fall, S was unable to 
solve ahy^of the difficult numerical reasoning problems. 

The spring: administration of the PMDC Grade .2 Mathematics Test showed 
S able to perform every task correctly, except that she only Counted from 26 
to 10,6 by tens (counting ^to 126 was corrected) and she still chose 19 as being 
more than 31. . 

As a second grade student in tie Tl teaching experiment, S was assigned 
to the group 2M using six manipulativos : popsicle sticks, unifix cubes r 
Dienes blocks, grid paper, abacus, and. colored chips. ' S was the highest 
ability child of the four who remained after Christmas and wds always atten- 
tive' even though often not challenged. She was always first to complete 

symb olic exercis es an d made sure that her work was neat and orderly. 

1 ^ ^ f 

' The remainder of this report will be organized under four topies: 
place value and numeration, ordering, addition and subtraction without 
regrouping, and addition and subtraction with regrouping. 

'PLACE VALUE ANP NUMERAHOW ^ ' ^ 

s" could- count to 50 at the beginning of school and by Thanksgiving had 
demonstrated a firm understanding of tens and ones. This understanding is 
exemplified by the fact that she could rapidly display aiiy two-digit number 
with any of seven aids, including one with which she was not familiar. 
Changing ' from one manipulative aid to another cavised her no difficulty. S 
could describe any number less than 100 in terms of tens and ones: 

4 tens + 6 o nes 
40 + _6_ 
' - 46 

When aske^ why she wrote 40, she replied "Because there are two ways for, 40: 
4 tens and 40." She could ^ive these three equivalent expressions for any 
number orally, as well. 



tens 


ones 


3 


15 



S knew'^'that 

was 45 without ^counting, and could trade with the manipulative aids to show 
it. When asked hQW :she knew she said "There is a ten in 15 ones," She was 

also able, to show ' 

\ tens I ones 



4 I 2 

as 3 tens and 12 ones, and knew that there were still 42. 
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At the beginning of the unit on three-digit numeration, S could not 
count past 190 by tens. She picked this up rapidly and had only slight 
difficulty with exercises like the following: 

170 



1 hundred 



tens 



17 tens 

She had difficulty when the order of the words or statements was altered) 
however/ and was never comfortable with exercises such as: 



19 tens 



tenS/ 



hundreds 



or 



hundreds / 



tens = 20 tens 



After a lesson ^"6h counting by 10' s^ and 100 's to 1000, S was unable 
to show 300 with bun^jles of counting sticks. She put out 13 bundles, 
counted to 130 then^ after much hesitation and prompting she realized she 
needed more., ^h e then groupjj the o^ig^gg^rTT'lSunale into sets ot iu 
and 3 and proceeded to complete the tas]r~correctly by displaying 3~sefs 
of iO bundles. When asked to show 22 tens tWith Dienes blocks, S did not 
know what to do and required help. After each student showed 22 longs, we 
^ counted to 220 as a group. When the question "How many tens are there in 
220?" was asked, S figured out the answer after a slight hesitation, while 
the others had to recount the longs. 

By the end of the year, S could write the number (0-1000) displayed 
in a picture, display a given number with any of the six manipulatives and 
circle the pictured objects that correspond to a part^icula^r digit of a 
3rdigit numeral. 

At the end of the year, 
following: 



S was asked to read and show with sticks the 



hundreds 


tens 


ones 


2 


13 


4 



£he read it correctly, but her display looked like this: 




She interpreted the thirteen, tens as one ten and three ones. After 
some help she displayed thirteen tens. When asked how much altogether, 
she traded ten of the bundles for a hundred and said, "334." 
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S read and displayed 



21,415 

correctly with Dienes blocks* She did. not understand what was meant by 
"Show 245 in another way/' but responded correctly to "Make more tens" by 
trading a hundred for 10 tens, and said "There are still 245 

So could not tell how many tens altogether in 150 when shown the numeral. 
Afcer showing 150 with one flat and five longs she answered 15* She rejected 
the equality 

245 = 1 hundred, 13 tens, 15 ones 4 

but' did not know why it was not true. This tendency to make snap judgements 
when presented with the unfamiliar was typical of her, behavior in response to 
new situations. When asked if a picture of 14 bundles and 16 sticks showed 
156, she, answered "Mo, it's not right because' there are no hundreds and more 
than 6 ones." 

■iWhile^ofJ:ert_.unable tc view numb ers g reater. than 100 in 4nofe than one 



way~"as-shown--above^„-S_ -s.eems__t pjiaye_ a good unde rstandin g df^place—yglue. -Her 
firm grasp of 2-digit" numeration proved extremely helpful to 'her as sHe^ackled 
order, addition and subtraction' problems. „ ' ^ 

OWERlhlG " . ' ' 

S performed well on all ordering of picture tasks. She usually started 
wth, the smallest number and looked for each one in order often remembering the 
nximber of some of the pictures without having to recount. When ordering a 
.set of stick displays for 7, 23, 34, 43, 75, and 90, she put the picture for 
7 just before that for 75, evidently interpreting the 7 as 70. S was the only 
one of the group who correctly ordered 13, 14, 20, 21, 50, 51, 52, 99. 

S knew the meaning of the phrases greater than, more than, and less 
than at the beginning of the yp=\r and could manipulate the words (orally and 
b/mbo^ically) and the symbols < and > to make true statements. After she 
developed an understanding of wo-digit numerals she could compare any two 
nximbers and make oral or symbolic "less than" or "greater than" statements 
about them. When asked "Which is more, 52 or 56?" S responded that 56 was 
more "Because 2 comes before 6 and as the numbers go by they get higher." 

At firot, S needed the objects when working exercises requiring her to 
start at a given number and write the n^jmbers which follow consecutively by 
ones, tens, or hundreds.,- jr evan to perform such a task orally. She soon 
began noticing the patterns ,^t:^serving which digit changes, and was able to 
abandon the manipulatives . > ^ 

After the unit on two-digit numeration, S was unable to write the number 
that is cen more, one more, or one ten more than a given number. She did not 
understand what was being asked, and simply copied the given numeral. She 



108 



11 7 



showed 27 with 2 cups of ten* pieces of candy each and 7 single pieces of 
candy, but could not show one more. She did, however, show ten more 
correctly after one more than 27 was shown to her. 

By the. end of the year S could write, tell, or show with ary of 

7 manipulative aids the number which is one* more (less), ten more -{less), 

or one hundred more (less) than a given number (less tlian 900, written 
or given orally) • 



ATOITIOM ANP SUBTHACTJOhl WITHOUT REGR0UPIM6 

S could do simple addition and subtraction with sums of ten or less 
on her fingers or with manipulatives at the beginning of the year, but 
had memorized only a few addition facts and no subtraction facts* When, 
presented with one of the more difficult addition facts (sum 10), she 
insisted she could not do it because she did not have enough fingers ♦ 
After instruction on using her fingers to count or) for addition and 
count t^ack for subtraction, S was able to compute any addition or sub- 
traction fact rapidly . She was so fast and accurate that she took a long 
time committing them to memory. ' ^' 
_ > 

■.S_had_n o_diffic uity With symbolic^ addition involving one or two 



digits, without regrouping- 'She "^urd'^emonst'rate- using-any-of— the- aida^^ 
and could usually explain how she did a problem in terms of tens and one.s. 
However, when asked "How did you get the answer?", after working the 
problem: 

40 

+ 23 ' 

. T3 

she responded "I put together 40 and 23." When matching pictures with 
addition problems, 3 would compute the answer first, then look for the 
picture. S could work two-digit addition and subtraction problems men- 
tally, but often could not explain how she got her answer. She could, 
however, demonstrate with objects. She was able to write addition 
problems from pictures or actual displays > but did not use the pictures 
or objects to solve the 'problem, just to determine the addends. ' *^ 



.er working a problem like the one below, S "Would* read the pro- 



blems jis: 



3 tens + 2 tens = 5 tens 1 one + 3 one,s = 4 ones. 

However when the vertical line was removed she would read the problem 
as "31 + 23 = 54." 
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/ . s cQntinued to put in the middle step in the addition algorithm for a 

/ long time, even aft^.r she learned to regroup and became aware of the necessity 

/ of the middle step in problems, requiring regrouping. This was typical of her 

behavior. She did v.nat she was told, rarely asked questions, and would not 
change techniques unless instructed to do so. Once, when shown a picture 
showing 25+2, and the problem 

25 
+ 2 
45 

S said the problem did not go with the picture, but could not change it to 
make it correct. 

S usually. had no trouble writing a ^subtraction problem from a picture or 
display. As with addition, she only used the picture or display to determine 
the subtrahend and minuend, not to solve the problem. Interpreting pictures 
depicting subtraction problems with zero differences caused S difficulty, 
espeqially when they were shown on the abacus. 

S could- solve any two-digit subtraction problem witihout regrouping and 
could demonstrate the solution with any of .the six manipulatives or one with 
which she' was not familiar. 

AWinOH ANP SUBTRACTION WITH REGROUPING- ' ^ ^ ^ ^ 

V Before instruction on regrouping., S was asked to do an addition problem 

requiring regrouping. She made the common error as shown below: 

39 
+ 23 

She did, however, express concern that her answer might not be correct. 
She attempted to work the problem on the abacus, but could not tell how much 
5 tens and 12 ones were altogether. 

> vmen asked- to work a subtraction problem requiring regrouping before 
instruction, S again gave the typical incorrect response: 

43 
- 24 



. / ^ 
Sh- was concerned about "3 take away 4," however, and could not arrive at an 
answer with the Dienes blocks. 

After a shorfe period of instruction, S could work 2-digit addition 
problems with or without regrouping and could demonstrate them with any of 
the maniDulatives. S often had difficulty with situations requiring her to 
reflect on the correctness of a problem completed by someone else. She always 
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.knew If a problem was worked incorrectly but rarely could change it to 
make it correct. For example, when presented with the problem below, the 
discussion went as follows: 

34 

+ 29 
513 

Q: Read* this for me. 

S: Thirt^'-four plus twenty-nine equals fifty-thirteen, 
Q: Is the problem worked correctly? 

S:, No ... I can't think of this number . . . fif ty-thirteen. 
Q: What would you do tf make it right? 

o 

S: Add them together ... it equals 63*. 

S could work a problem of this type correctly, but could not make the 
necessary changes to one worked incorrectly. 

Before the regrouping algorithm for subtraction was introduced, the 
students practiced trading one ten for ten ones and vice versa and record- 
ing" the results. At first this was done at the manipulative-oral level. 
S had some difficulty verbalizing the equality before and after trading, 
especially when trading one ten for ten ones. After instruction on record- 
ing thel:rading, the students were given a worksheet requiring them to* 
show trading one ten for teiTones for each number. S did three problems 
correctly, then did the follov:ing: 



4 

When questioned, she saw her error and corrected it. 

After a considerable amount of practice, subtraction with regroup- 
ing wa4 easily mastered by S. She had no difficulty working a problem 
with any of the manipulatives and explaining the regrouping procedure. 
She sometimes traded when it was not necessary, even on problems such 
as 15 - 8, which was consistent with her rigid use of other strategies 
she was taught. After spending a great deal of time on subtraction, S 
looked at 

2 9 
4-5 3 

and said "We have to trade for tens this time." She also traded in an 
addition problem, but corrected her error. These again, are signs of 
inflexibility to change problem situations or strategies. 
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When asked to work three-digit addition and subtraction problems 
requiring regrouping with manipulatives (without instruction); S usually 
realized she needed to trade but 't>f ten did- not, or traded incorrectly- 



S worked 



345 
-173 



with Dienes blocks- 

She did it correctly, but did not trade, although she said she needed to. 
When- she counted she got 428 as her "cinswer. 

S used beans (single, bags of 10, and bags of 100) 'to solve 



.324 ... 
+195 , ^ 

After combining addends, she said the answer was "Four hundred eleven.. . . 
I don't know this number." Finally she put ten'lO's with the hundreds, and 
said the^answer was 519, • ^. ' 



S had greater success when not using the objects. She began reading 

a three-digit numeration problem as ^'6 + 2 is 8/^but when asked to "Read 

^the whole problem," she did so correctly. She us^ed the shortcut .to the 

addition- algorithm which was not taught in her math group. 

Subtraction caused S greater difficulty. She traded correctly when work- 
ing: / 

524 

- 183 * ' ' 

.but subtracted incorrectly obtaining an answer of 451. She Jcnew trading was 

necessary to work: , ^ ' ^ 

245 , . It? 

- 148 

but worked from left to right, so she did not have anything to trade. 

After it was suggested that she work right to left, she traded correctly 
but got confused and never reached an answer. 
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S worked 



436 
- 175 



correctly with X manipulative aid consisting of bean bags anfd beans, but- 
needed help detiding what to trade, . . , ' ^ 

l^en given a problem to work without manipulartives , S reverted 
to the *'take the smaller number from the larger" strategy which she had 
used on two-digit regrouping problems .before learning ,the algorithm:- 

c 237 

- 176 . • . ' - ^ 

141, 

While, S is a bright girl who is learning very young^how to please 
the teacher (i.e. , do what you are told, no matter what) , her inability 
to i%ason through unfamiliar problems and to alter her strategies in new 
situations xcill probahly hinder her mathematical progress in the^ future • 



Xli/. THE CASE OF T ■ 

By 

» • CyWTHIA CLARKE 

BIOGRAI^HTCAI. AWP TESTIWG IWFORMATIOW 

T is a male child and was; born October 4, 1968. He has two brothers, 
ages 21 and 22, and two ,.sister5>,/ ages 2 and 14. He <Lives with his mother, 
who receives welfare, in a hous'ing project, but also stays with his aunt 
occasionally. 

T is an easy-going boy, is easily distracted, and has great diffi- 
culty staying on tasks. He appears hungry for attention and tried to 
earn it by' Misbehaving. 'Hjs inability to finish anything prompted his 
second grade teacher to have him tested for learning disabilities. The 
results shfwed him to be of low ability with no learning handicaps. 

'% ' 

T had problems with drooling and being ' slightly overweight through- 
out the first grade and the beginning of the second grade. There 'was 
improvement in both of these areas during the second grade although he 
constantly had something in his mouth, usually paper, rubber bands, or ^ 
paper clips. 

T avoided joining groups, preferring to play on the outskirts but 
was very friendly. He chcse one boy and one girl as friends JEor the class 
sociogram and was chosen by two children as a frie"?id. He enjoyed building 
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things with blocks/ playing with cars, and listening to records. He watched 
a great deal of television at home and made frequent references to his 
favorate shows. , 

T's Otis-Lennon IQ is 88. His CTBS (Comprehensive Test of Basic Skills) 
test scores reflect below-average competencies. At' the end of the, second 
grade, his reading grade equivalent was 1.2 (3rd percentile). ^ He was still 
reading the same book that he was reading at the end of ti>e first grade. His 
language skills also showed little improvement with a gradfe equivalent of .7. 
His mathematics and total scores increased from .1 to 1.8 and .1 to 1.4 
respectively from the end of the first to the end of the second grade. 

Qn the PMDC Grade 2, Mathematics Test, administered in the fall of the 
second grade, T was able to count 3 horses and 7 cows, but miscounte^^^3 dots 
(14) and 10 animals (9). He could not rote count past 40, orcount back from ^ 
44 past 40, but could c(^unt back from 6. to 1. He qounted to 80 by tens,\^ut 
could not count from 26 by tens, even with prompting. He showed no knowle^dge 
of, place value or two-digit mimeration and could not, determine, or write the. 
number for sets of straws or chips, or construct sets of a given numer with 
either. He coulfd not use beans to show even simple addition and subtraction, 
but knew 2 + 4 = 6 witiiout beans. He Icnew .12 was more than 8 but chose 19 
as more than 31. He ordered 2, 3, 5, 9 correctly but did not .understand the 
meaning, of less than. 

l^e KeyMath Diagnostic Arithmetic Test, also administered in the fall, 
yielded a grade equivalent of 1*0. T showed little understanding oi numera- 
tion. He^was unalile to complete simple patterns such as 0 x 0 x^O or 

• □ □ D S [01 

He could do simple addition, with pictures ana^^symt^olically , but could subtract 
only with 'pictures. He answered 1+1 (.given^erbalOyl correctly but missed* - 
2+2 and was unable to do .nrtinerical reasoning problems such as 3 + 2 = □ 
and 1 + n =2. T was able to do only one word problem, even when accompanied 
with pictures. 



In the spring, the PMDC Grade 2 Mathematics Test was administered again. - 
T again miscounted 13"^ dots and 10 animals as well as 7 cows. His rote count- 
ing skills improved; he could now count by tens to 130 and from 26 to 96. 
He still could only count back from 44 to 40. 

f 

He demonstrated understanding of place 3jalue, correctly responding to 
all the color-coded chips and straw items, counting by tens and ones. He used 
beans to correctly answer simple, addition and subtraction problems, but 
would not use beans to solve 18+5, and answered incorrectly. He made 2 sets 
of 23 and 7 for 23-7 and got an answer of 7. He shewed understanding of less, 
bu^^still chose 19 as being more than 31. 

.4 The KeyMath test administered at grade level 2.8 yielded a grade equiva- 
lent of 2.5, an increase from the fall of 1.5. T showed considerable improve- 
ment in numeration skills, orally filling in ^6,7^ ,9; 19; and 98^ 99. , 

101. He showed knowledge of ordinal numbers through five. He demonstrated 
ability to do two-digit addition with regrouping. He could handle basic sub- 
traction facts (14 - 6j, and two-digit subtraction without regrouping (76 - 12), 
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but Gould' not do a regrouping problem (25 - 16 = 19). • T was no\ able to 
do mental computation involving three lumbers and both addition and sub- 
traction if the nuinbers were small. Kis numerical reasoning ability 
greatly improved, as evidenced by his answering three of the difficult 
problems correctly (such as 2 - A= 1^ 3 - A= O)* He answered four word' 

problems with pictures correctly. 

B 

As a second grade student in the Tl, teaching experiment T was 
assigned to the grouping using six manipulatalyes: popsicle sticks, 
,unifix cubes, Dienes blocks, grid paper, abacuK^ and colored chips. At 
the enactive level one could not distinguish T rirom the brightest child 
in the group. He operated efficiently and rapidly with the manipulatives.. 
Pictures caused him some difficulty but the symbolic work was frequently 
h^^*^4ownfall. He was very slow, and often needed to use the objects to 

[nbolic problems when the other children did not. Unfortunately,' T 
like to be the only one using the manipulatives and felt it was a 
s to use them. This caused problems because he would abandon them 
too soon. T wrote his 2*s, 4*s, 6*s and''9*s backwar<3s at the beginning 
of the year and still frequently (though not consistently) write his 4's 
and 6*s backwards at the end of the year. Writing numerals was quite a 
. struggle for T and slowed him down a great deal. 

The remainder of this report will be divided into the following 
four sections: place value and numeration, ordering, addition a(nd sub- 
traction without regrouping, and, addition and subtraction with regrouping. 

PLACE VALUE AhlV MUMERATIOM' - 

T began the second grade with a very gpor number sense. He could 
not derermine the number of a set of— -as 'few as four objects without count- 
ing. He had no problem believing that you could start with five things, 
take two away and still have five left if that was the answer he got using, 
\ ^the manipulatives incorrectly. T was at a disadvantage when working 

exercises such as: 

2 longs + 3 units 



because he was a very poor reader. Later on in the year, exercises like 
those below continued to cause him difficulty, again due primarily to 
his reading problem. 

19 tens = tens , hundred 

6 tens, 1 hundred = tens 

IIJ 




After the unit vpn two-digit numeration T was able to read, write^ or 
display with any of the six manipulatives any number less than 100, He was 
also able to transfer this knowledge to a manipulative with which he was not 
familiar: covered cups of candy. His understanding of 1:ens arid ones came 
on rather rapidly and brought wijth it an improved number sense. ' For exairiple, 
once when asked to show 17. with sticks he put out a iDundle of ten and nine 
single sticks. After .cQv^ting to 19 he realized his error and took two of 
the sticks away withoulf^ recounting. 

/ 

T was cible to complete exercises such as: 

4 tens and 6 ones 

/ 

/ 40 + _6 ' 

/ 
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.t' could not, however, explain why he put 40 where he did. This was typical 
'of his inability to verbalize his reasons behind symbolic responses.' As 
mentioned previously, T excelled wiJth the manipulatives^but found the symbolic 
forms a constant struggle. 

T caught on rapidly to number patterns, such as 2 + 5 = 7, so 
20 + 50'= 70. When the transfer was from one to ten, the oral^pattern was 
not as, obvious and caused him difficulty. He reliad heavily on the way the 
numbers sound. After the 'group worked the problem 30 + 60 in vertical form, 
T anticipated that the answer to 30 + 6 was '90 and was surprised when he 
counted and found that his guess was incorrect. 

When asked to read 3 | 15 T said "3 tens plus 15 equals 45." His dis- 
play is shown below. When asked, to show more ones, he put back a bundle and ptit 
out 10 single sticks. 



After showing 4 | 2 he was asked to show it in a different way. He kept 
one bundle and counted out .the rest in ones, but said there were still 42. 

At the beginning of the unit on three-digit numeration, T had difficulty 
counting by tens past l^p.' He repeatedly said 180, 190, 120. He also had 
trouble observing the con^eccion between 13 and 130 and insisted for a long 
time that there were 113fi\tens in 130. 

T required constant help on two worksheets to complete exercised like 
the on,e below when one of the lines was given: ^ 

•> 

tens ^ 

hundred, tens 
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On a worksheet requiring him to rename multiples of ten, given 



pictures, T wrote: 

lOCf , I_ hundred, _£ tens 

' ^ 110 2_hundred, 1 ten 

120 2 hundred, 0 tens 

130 3_hundred, 0 tens 

140 4 hundred, 0 tens 

He was unable to follow the pattern ^ so he made up his own* Other frequent 
mistakes were: » 

130/ 130 

1 hundred, 13 tens and Jl^ hundred, 30^ tens 

30 tens ^ . 12. 

/ T did not respond when asked to "Show 22 tens with blocks," even 
after a long was held up and the question "How much is ^±is?" was asked* 
Finally he copied .the othe^rs* After the group counted to 220, the ques- 
tion "How many tens in 220?" was asked* T could not remember what the 
initial task was and had to recount the longs* 

At the end of the year, T could read, write or display any number 
less than 1000. He was able to determine and write the number of a display 
and circle the digit corresponding to the circled objects in a display* 
He could also write the number corresponding to: 

8 tens 



2 ones 



3 hundreds 

T read 2 1 13 1 4 correctly as 2 hundreds, 13 tens, and 4 ones, but 
when showing it with blocks, he interpreted the 13 tens as one ten and 
tiiree ones. Finally with help, he was successful* When asked "Can. you 
do s.omething to make more hundreds?" T added a flat* After taking the 
flat back., the interviewer asked "Can you trade to make more hundreds?" 
and T traded correctly saying there were 334 altogether* 

T read 2 14 15 correctly, traded to make more ones and said there 
were still 245. T knew there were 15 tens in 150 (when shown the numeral) 
but could not explain how he knew. v , „ 
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T began the year thinking greater and less meant the same thing. Cnce 
he got this straightened out he usually had no difficulty pointing to the set 
which had more, less, or the greater number. Verbalizing these situation was 
difficult for him. He would make statements such as "31 is greater than 25. 
25 is greater than 31." The words just weren't meaningful to him. He once 
said "49 is gooder than 35." 

' ' * ' ' * 

Once when a set of 12 chips was displayed, each child was to make a set 
which was greater than the given set. T showed 148 with tens and ones. 
When he was asked "Is there a smaller number that is still greater than this 
set?"-T said "There ain't nothing greater than this (pointing to his set)." 

Eventually T acquired the skills necessary to compare any two numbers 
by looking at the displays and could make verbal "greater than" and "less 
than" statements about them. However, he was clearly not ready for the sym- 
bolic treatment of these concepts. The phrases "greater than" and "less than' 
caused him a great deal of ttcuble, and the symbols >and < were even harder 
for, him. He frequently could construct the verbal statement , correctly but 
could not use the symbols. 

T was not very successful at .ordering picture sets, primarily because 
he did not have a technique for organizing his results. He would count all 
the pictures and could compare any two of them, but often did not know where 
to start and refused to separate the pictures he had put in order from those 
that remained. After receiving help to get started he could usually completie 
the task but was extremely slow. His difficulty seems to be operational 
rather than conceptual. 

When ordering a set of stick pictures for 7, 23, 34, 43, 75, 90, T put 
the 7 just before 75, evidently interpreting it ^s 70. He had a tendency t 
concentrate on the numerousness of the objects. For example, one tei> and 
nine units appeared to be more than 3 tens. This was helpful when ordering 
decades, such as 40 - 50, but a hazard when ordering 13, 14, 20', 21, 50, 51, 
52,, 99. T put 20 ^nd 21 first. He also had trouble deciding where to put 
the multiples of ten; in this case he put 50 after 51 and 52. 

During the unit oh two-digit numeration, T-was asked to show 50 with 
the grid, paper. He rapidly shaded in 5 rows. The when asked to show 52 he 
shaded in 2. more squares and said ';Two more is 52" without counting. However 
at the end of the unit he v/as asked to write the number which is one more 
(less) or ten more (less) than a given number. He did not understand what he 
was supposed to do and merely copied the numerals. He did, however, show 27 
with 2 cups of 10 pieces of candy each and 7 single pieces, and then showed 
one more,* saying there were now 28. Similarly he showed ten more by adding 
a cup of ten and knew there were then 38. 
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By the 'end of the year, T could show 1, 10 or 100 more (less) 
than' any given number. He had trouble, . however , bridging hundreds, espe 
cially on "less" tasks such as 10 less than 309. T was first in the 
group: to catch oii to the. oral^patterns involved in starting at a certain 
number-.^and counting forward to backward by l*s, 10* s, or 100* s. At the 
beginning he neecied to use objects,, but eventually he could do symbolic 
exercises without them, only occasionally using the abacus for exercises 
rihvolving bridging of hundreds. t 

AWinOht m SUBTRACTION WITHCW REGROmUG ^ - 

T understood addition at the ehactive level long before he was 
ready for the symbolic algorithm. He could correctly answer orally 
presented problems such as 30 + 40., but needed objects when presented 
with the same problem in the symbolic mode. Even 'when pictures were 
given, T j.nitially_f ound it necessary to duplicate the picture with the 

manipulatives*. He could not coirdbine the sets iiT^hib luind, buL had— to 

do it physically. For example, when counting the two sets below, he 
said "10, 20, 30, 31, 32, 33, 20, 30, 31> 32." ^ I// 



He even had difficulty after it wa-s suggestedcthat he ccant the tens 
first.' 

T saw no reason for the middle step (see the problem below) in the 
algorithm when regrouping was not involved. VJhen adding symbolically he 
did not use the middle step at all to determine the answer, but used 
manipulatives or a picture if one was given. Hence he saw nothing 
wrong with: 

' ^ 12 

+ 23 ■ ■ . 

5 - 

35 



35 ; ^ 

After completing sucl* a problem, T frequently could not answer the 
question "What is 24 + 13?" 

' Eventually T could add syinbolically and demonstrate what he 
had done with objects. Problems involving zeroes caused him some 
difficulty at the symbolic level, although he could handle them 
orally. After much 2-digit plus 2-digit addition practice T- had 
difficulty with 1-digit plus 2-digit problems. When asked to tell the' 
problem shown by; 
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he could not do it. The single-digit addend, especially on top, was new 
and unfamiliar to him. 

T did not connect the short form with the long form (with middle steps 
for sums of tens and ones) for quite a while and worked them as two separate 
problems 6ven though they were side by side. 

Verbalizing what he had symbolically was difficult for T. His ^reason 
for doing something was often "I know." T could not handle mental problems, 
even two-digit plus one-digit, but usually "guessed" an answer that was within 
three of the correct answer. When working addition and subtraction problems 
using bags of 10 beans each and single beans, T used single beans for both 
tens and ones and arrived at the correct answers. This, was unusual since T 
did not usually interpret a riiimbfer ^s separate digits, but as the sum of tens 
and ones. 

T could construct addition problems from pictures , such as the oae 



3 

t -x 


/ 






5' 


o 


O 


y 



He read the problem as "30 + 1 is 30, so 20 + 3 is 23, so now a,dd the ones 
together-, see, it's 4. So add the tens together, so it's 50. It's 54." He 
also exhibited the ability to change a completed addition problem so that it 
correctly represented a given picture. However when shown a stick picture 
and subtraction problem, T made the changes as s hown below . ^ - 




At the beginning of the unit on subtraction T cou±a not compute 5-1 
without his fingers and even then made frequent errors. He might put up five 
fingers on one hand, one finger on another, take away the one and arrive at 
an answer of five. When 2-digit minus 2-digit problems were introduced start- 
ing with subtracting multiples of ten such as 70 - 30, T would show a set of" 
'70 and a set of 30, take away the set of 30 and get an answer of 70, 



initially interpreted pictures such as: □ □ □ 



as 4 - 2 = 4. Since he had not memorized any subtraction facts and had a 
poor number sense, this did not seem unusual to him. 
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When the teacher showed a subtraction problem with objects, T 
could write the problem and the answer* This was surprising since the^ 
same ^task with addition caused him great difficulty* For a long time^ ''if 
T did not have any structure, such as the place value chart, he did not 
know where to put things and had difficulty lininggup the tens and ones* 
For example, he often made errors of the following kind: 

•38 

- 2 

After some practice T was able to interpret addition and subtrac- 
tion picture^S' and write the corresponding problems, although^ the abacus 
pictiires 'frequently .confused him. \<hen symbolic stabtraction problems 
were(«,firs1: presented without pictures T was lost. He would add the sub- 
-traK^jS and minuend together, subtract the minuend, and get the subtra- 
hend as an'^nswer. He needed to use objects' to work symbolic worksheets 
long af ter pictures were eliminated, but often refused to do it 
because he was the onl^ one who was using them. 

/ , Although T. would sometimes forget to complete a problem, as in the 
'/following example: V 

45 

- 2 • 



he always read the numbers as whole numbers, not just digits and would 
always read the complete answer after finishing a problem. That is, T 
would read -the problem as forty-five take away 2 equals . . . rather than 
as five take away i2 . . . 

^AWlflON m SUBTRACTIOW WITH REGROIPING 

Before receiving instructions on regrouping T was asked to solve an 
addition problem which required regrouping. His performance on this task 
is shown below: ^ Ay 

■ i -3S 

- 5"/ a 

T read the completed problem as "27 + 35- equals fifty-twelve." He then 
said "50 + 12 leaves 3," evidently adding the ore and two together. He 
then solved the problem with Dienes blocks and stated that "50 + 12 = 63." 
However, T changed his answer to 61. Such differences between T*s per- 
formances at the enactive and the symbolic levels were not uncommon. 



121 



ERJC 



When given a subtraction problem' requiring regrouping before instruc- 
tion, T responded with the common error: _ ' 



v53 ' 
' 24 " 



31 - - ^i.'^^^-'-^- 



He tried to work the problem on the abacus but was -not successful-;-".; "^Xt^V^^- 
• ' When shown these two addition problems: 

aw , , •« 

24 ^ . . ^ 22 . » 

+ 13 + 19 " 

and asked why the problem on the right was harder, T responded "Because 
it has a 9 in it/* Similarly given two subtraction problems, T did not ^ 
observe^ that the necessity for regrouping could make one of the problems ^..f^.'^ 
more difficult* " - 1 

Initially T needed to use the manipulative aids to work addition pro- 
blems requi'ring regrouping. He would set up the problem with the manipula- 

tives even if a picture was given, as the pict ures te nded to conf usb him. 

As -T^ became^more proficient symbolically, when he was asked to write the 
problem represented by a picture he would first count everything in^the 
^ picture,, then count and write the addends, then work the problem strictly 
symb^olically. The shading in the picture to ishow regrouping of 10 ones for 
,a ten was meaningless to him. For example, T could solve a problem as 
shown : 



24 

■ \ 

T had .no difficulty remembering to '^put in the middle steps in the addi- 
tion algorithm when regrouping was necessary. When pictures were present 
he would not use the middle steps to complete the answer, but would coxint the 
pictures. However, when it came to just Written work he had no trouble using 
the, sum of the onas and the tens to get tjhe answer. T always added the ones 
first, usually ^^sp.ying out loud -as^-he did- lit "First, add the ones ..." 

" When shown the problem and solution: 

34 

29 
.513 

and asked to read it, T said "it's 63."" /hen asked if the answer was OK as 
written, he said "Yes. It's 63." 
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T took great pride in knowing the basic* addition and subtraction 
-^ft^.g-an<3--wafi-feh^-^i-3g^4;-4.-T^ of then to memory. 



'His errors in computation were frequently due to his guessing a fact 
•which he though he "knew." 

^-'".r.^ ,To.pr^are thfe children for ^regrouping in addition and subtrac- 
tion practice was given trading 10 ones for one ten and vice versa 
with the manipulative aids. T was not convinced at the beginning that" 
the "number of the set stayed the same after trading. He would concentrate 
9n the numero\asness of the objects and thus would judge the- set* with the 
.most ones . to have more. A^Jter he finally accepted the equality he still 
had great difficulty verbalizing it, especially statements such as "2 ters 
and 4 ones equals 1 ten and 14 ones." It took T a long time to learn 
what kind of trading to do for "Make more ones." When they began, to 
symbolize the trading, T initially insisted on putting, the result after 
trading below the original tens and ones; 

■■-■.//• 

5 . 14 

When recording the trading shown by pictures of objects before and 
after trading, T did n6\/need to count the .tens and^ones in the after 
trading picture because he^ trusted that the total^ number had been preserved. 

When given orally the first subtraction problem requiring regroup- 
ing, 45 - 17,4\,T though it was impossible, even after displaying 45 with 
oiYe of the manipulative aids. After some contemplation and probing by the 
teacher he said.--be,'^though he^needed to trade. ^ His first inclination , ^ 

^ however , was to add ones to^tiie 5 ones he already had so that he would 
..have 10 ones. Although gi.Y^>^^y;?^2-digi a ^^^^ 

ten for^ ten.dh^es^ cotreci^lV wlST^nj^^of the manipulatives'and show it 
symbolically; having the minuend present confused him.' He found the three 
step process by which' he (a) must decide whether to trade, (b) trade if 
necessary, and (c) perform the subtraction, very difficult at first. 
When, pictures or objects were present his tendency was to jvist write the 

'"i^answer and not show any trading. H3.,4i.d not '>x^>lly- .^asteSc* .tti^; ^symbolic 
algorithm until the manipulatives were abandoned. He frequently made 
this mistake when , trading: 



3 


10 


/ 





and also often traded when it was not necessary. He would, however, 
.i'^nore the trading vheh actiial]Vwd?king the problem if it had not been 
necessary in the first, place , and would get the correct answer. 
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— ftf Ler a -^reatr-^eal-of^-pracLtlceJ became proficient with the subtraction 
algorithm andxould demonstrate with' almost all of the manipulatives' with - ^ 
.which he was familiar. Once whon using the grid j^aper to solve 54 - 37, T 
shaded in the paper a^ shown below: 




•After' shading in'54 and 21, he indicated the trading of a ten for ten ones by 
writing 4 and 14 next to the 54, Whe^ trying to subtract the 37 mentally he 
first subtracted 7 from 14 aloud, got 7, and then said the answer was 37. 

When doing addition and subtraction problems mentally he would frequent- 
ly compute the ones correctly, but forget to carry or borrow the tens. Thus 
he would compute v r <j 

. . 58 

+ 25 



and get 73^ and 



32 
- . 8 



and get .30. Occasionally he would revert back to the strategy he used'beiore 
instruction on regrouping. For example, T worked this problem: 



43 
26 



03 



When .asked, to read it, he said "3 take away 6 leaves 3, 4 take away' 2 leaves 
2, so it's 23." 

• T initially did not recognize a problem like the one below as a sub- 
traction impasse that necessitated trading: 

30 
- 17 
. 27 
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He would again call on the "take the smaller number from the larger 
number" strategy, 

(Without instruction) ^flien asked to work 3Tdigit addition and sub- 
traction^ problems which required regrouping, T exhibited little ability ^ 
to transfer Kis ■knowledge--of«2rAigit algorithms to these new situations. 
When attempting to work ' — — 

345- 

+ 173 ' . ^ 

^he showed bo;th addends correctly on *the abacus and combined them. He 
did not trade, however, and could not give an answer. He said "That's 
4 (pointing to the ten beads), that's 8 (pointing to the ones beads)," 
He eventually gave an answer of 51 which he computed mentally (and aloud) 
by ad'ding 34 + 17, 

His response to another 3-digit addition problem i,s given below: 

426 
+182 

After completing the problem he said "So it's 518," , When asked how he^ 
got that he said "5 hundreds, 10 and 8 tens, so it's'x518," 

T could" not even read 3-digit subtraction problems correctly, but- 
instead treated them as three separate problems. He read 

_ . - ' ^ 524 

- 183 . 

as "5 take away .1 ""leavj^s 5, 2 take away 8 leaves 4, 4 take away 3 leaves 
1, so it's 541," He tried to work it with the cubes. He put out 5 ten 
rods and took one away, but could not g^t an answer, 

T performed better on 3-digit subtraction without the manipulative^. 
His .response to such a purely symbolic situation is given ^elow: 



- 176 

Altliough he computed the hundreds incorrectly, probably ignoring 
the tracing, T's response to this situation reflects some transfer ability 
It is interesting to noteu that he did not show trading symbolically on 
any 3-digit problem where^ use^ of the manipulatives was required. Recall 
that he did not master the 2-digit symbolic algorithm until he abandoned 
the manipulatives, 
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T*.s mathematics performance in the second grade far exceeded any 
expectations held by his classrbom teacher. The increase in individual 
attention .helped to keep him on task and forced him to complete work that 
nomally he^ might have let slide. When working, Y is diligent and 
thorough, although terribly slow. T has a^ firm background in pl^ce value 
and the^<5dition and subtraction algorithms with numbers less fhan" 100. 
He has indicated potential of understanding. the algorithms as applied to 
larger^ numbers with , a small amount of instruction. Unfortunately, returned 
to a- class of 30 children, T's slow; pace will be a great hindrance to his 
mathematical progress. 



XI/. THE CASE OF V 
CYNTHIA CLARKE 



BIOGRAPHICAL ANV JfESmG IWFOmTIOW 

V is a femile child born December 12, 1967. She lives with her mother, 
who is on welfarfe, four older brothers, aged nine to twenty-four years, a 
sister who is 23, and a number of other relatives. V was born prematurely, a 
fact which is often used by her^ mother to explain any learning difficulties^ 

V exhibits-. Th4 youngest of six chi3.dren, V was babied at home although she. 
developedTa physical toughness about her in order to deal with four older ^ 
brothers; She pad problems with fighting early in her school career. V's 
personal hygierje was v:€ry poor and she was referred to the school nurse who 
visited her several times. 

V was retained an extra year in the first grade. During that year, 
h6wever,-'V was one of a few first graders placed in a second grade class due 
to space limitations. Thus the year of this study was actually V s second 
year in a second grade class. V was conscientious about doing her work. She 
indicated thajt she watched a great deal of television and also showed signs 
of religious influence. 

V^'s test scores /reflect below average competencies. Her Otis-Lennon 
IQ* is 75. Her teacher considered V to be' a low achiever in reading^ The CTBS 
(Comprehensive Test of Basic Skills) ba;ttery, administered in the spring o^. 
the second "grade, yielded a grade equivalent of 1.5 for reading, increased 
from .6 at the end of grade one. Her math grade equivalent showed the great- 
est increase, from .6 to 2.2, placing V in the 30th percentile. Her language 
and total scale grade equivalents^ were 1.8. and 1*7, respectively. 

'nhe KeyMath Diagnostic Arithmetic Test, administered at grade level 2.0 
yielded a grade equivalent of 1.6. V scored below grade level on numeration 
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skills. She was unable to complete the simple pattern: 

■ . ■ □ 13 □ □ s.a ■ ■ ■ 

or' to fill in the blanks. , 6, 7, ^ , 9? , 19; or 98, 99, 

101. She was able to perform simple addition (sums < 10). .^ith pictures - 
and"^ symbolically* She could do only the siijnplest subtraction (subtra- 
hend K 5) with pictures and' symbolically • V could handle 1+1 and 
2+2 mentally but could not mentally solve any problems irA'olving, mor.e 
than two nxunbers* She was successful when performing horizontal additiqn 
(2+1 =Q ; 3 + 2 = □ ) , but could not do the missing addend problems 
or the difficult numerical reasoning problems. * She responded correctly 
to simple wor.d problems with pictures. 

The PMDC Grade Two Mathematics Test administered in the fall of the 
second grade showed V. able to count picture sets ""of* up to 13 niambers. She 
required prompting on all*' but one rote counting item, counting by tens. 
V exh^i^ited ho knowledge of 2-digit numerals and could not count forward 
from 35 or back from 44. She could only count to 30 by tens and could 
'*not count by tens starting*^ at 26. She , showed no knowledge of place value 
and could not determine or w\ 'te the niamber of .sets of straws or color- 
coded chips, or construct sets of a given nijonber. She was able to use 
counters, tp solve simple ad^dition and subtraction problems but could 
not handle sums greater than ten. V knew 12 was more than- 8, but chose 
19 as more than 31 and did not understand the meaning of "less.". When 
asked to order cards with 5, 3, 9, and 2 on them from smallest. to largest, 
she put them down like this: 

3 3 - . ' 

2 6 

The spring administration of the KeyMath Test (at grade level 2.8) 
yielded a grade equivalent of ^2.2. V*s numeration skills improved, with . 
'a score above third grade level. She now could perform two-digit addi- 
tion with regrouping with sums less than 100. Her responses to both two- 
digit subtraction problems, with and without regrouping, were incorrect, 
but in each case she was one off the correct asswer indicating a probable 
fact error resulting from an incorrect counting on str^itegy. V was able 
to do simple missing addend problems in horizontal form. 

The spring administration, of the PMDC Grade Two Mathematics Test 
indicated a great improvement in V's counting skills. She reauired V 
prompting on only one rote counting item7 counting by tens from '26, 
which she still could not do. She counted from 6 tp 15, 35 to 46, back 
froi.. 6 to 1 (skipping 4) and to 100 by tens. She could^only count back 
to 40 from* 44. She demonstrated understanding of place* value by 
answering all the straw and color-coded chip items correctly, counting 
by tens and ones in .each case. V used beans to, correctly solve simple 
addition and si±>traction problems (sums ^ 10) , and counced.on with beans 
to solve 18.+ 5. She used beans to show 23-7, but miscounted the 
remaining set. She . correctly answered all of the more, less, and 
ordering problems. 

S 
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As, a st?^*d^t in the Tl teaching experiment, V was assigned to the 2M 
qroup, using six manipulative aids: popsicle sticKS, Unifix cubes, Dienes 
blocks, grid paper, abacus, and colored chips. According to her test 
scoresr'V was the lowest ability child of the six in the group.. The remain- 
der of this report will be Sivided into four sections: place -value and 
nuineration, ordering, addition and subtraction without regrouping^, and 
addition and subtraction^with regrouping. 

PLACE VALUE ANP NUMERATION 

V could not perform any of the place value tasks on the PMDC Grade 
Two Mathematics Test at the beginning of the second grade. She knew nothing 
about numbers greater than 20 and could npt read at all, thus she had diffi- 
culty when she encountered exercises such as: - ' 

2 longs ^ 3 units- ' 



V had very lirtle difficulty with two-digit numeration at the enactive 
and iconic levels, but proficiency kt the siinbolic level was very slow 
coming. She could write the multiples of ten when they were read orally, 
but frequently could not read a number which she had written. She seemed to 
understand the multiples of ten when relating to the manipulative aids, yet 



completed a worksheet on this 


topic 


like this: 


1 


ten 




2 


tens 




'-^ 3 


tens 




4 


tens 


^0 


5 


tens 


'^0 


6 


tens 


OG 


7 


tens 


0? 


"8 


tens 


. Ql. 


9 


tens 


0? 



When learning the numbers 20 through 30, V was slow to understand, tens 
and ones. She would put out one long to show 26 and then count out units 
until she reached 26. She put out two red chips and ten white chips to show 
30, responding that there are two tens in 30 when ^sked. After trading ten 
white chips for a red chip, she said there were three tens in 30, app^^entl^ 
seeing no contradiction with her previous statement. 
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It took V a long time to connect 30 and 3, 40 and 4, and so on, even 
at the verbal level. She would put out 6 bundles to show 42. Afte;: 
counting to 60 and realizing that' was not correct, she would add more 
bundles, hoping eventually to reach "forty." 

V frequently reversed digits when writing numerals in the range 
13 - 19. V understood and could display two-digit numbers with manipula- 
jti-ves long before she could read or write them. 'In fact, if shown a 
n\3ineral, she could display it correctly with a manipulative, then would 
count the objects to determine what the nuiriDer was. During a taped 
interview she read both 35 and 53 as 25. The conversation which followed 
is* given below: • k 



Q: 


Why is this 25 


(pointing to 53)? 


V: 


Becapse a 5 and 


a 3. 


Q: 


What does the 5 


mean? 


V: 


5 tens. 






What does the 3 


mean? 


V: 


3 ones. 





It was obvious that V understood a great deal more than her ability 
to deal with the syiri^olization reflected. As part of the same interview 
V was shown the numeral 24 and told "I am thinking of 24 as 20 plus 4. 
Can you think of 24 in some other way?" V responded "2 plus 4." She 
completed an exercise dealing with the same concept as follows: 

4 tens and 6 ones 

4 and 6 
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V read 46 as 26. > 

While eventually V was able to* display any nvunber less than 100 
.with any of the six manipulative aids, she could not show 2f with cups 
of ten candies each and single pieces of candy. 



V had considerable difficulty recalling what came after 190 when 
counting by tens. Questions such as "How many tens are in 170?" con- 
fused her. She made frequent errors on her worksheet. For example: 



ISO 

I h undred, /S^ tens 



tens 



129 



\ 



tens 

VOtens 
i 

V did not transfer her knowledge of writing two-digit numerals to 
writing numbers greater than 100. She had difficulty writing numbers in 
sequence especially where bridging of tens was involved- She repeatedly 
wrote 108, iqS, 1010. 



__^,_After counting by tens to 1000 as a group and discussing the hundreds, 
tens and ones in multiples of 100, V could not show 300 with bundles of 
sticks. She put out 13 bundles counted to 130, but was unable to correct 
, herself. Even when she put 100 (10 bundles) in a pile in' response to a hint, 
sh^ still could not complete the task. She never understood the connection 
between 220 and 22, hence after displaying 22 tens with blocks she would 
have to count by tens to find out how many altogether. Similarly, if then 
asked how many tens in 220 she would recount the longs. 

\n\en evaluated on her knowledge of three-digit numbers, V could not 
write or circle the correct number of objects shown if there were only 
hundreds and ones present. An example of a typical response is shown below: 




& 



& 



She had no trouble circling the objects represented by a particular 
digit. "She could also construct a 3-digit numeral from a chart giving the 
number of hundreds, tens, and ones, in random order. 



V entered the second grade with very little knowledge about more, less, 
or the ordering of the natural nuinfcjers. As her understanding of two-digit 
numeration increased she became quite proficient at ordering pictures. She 
quickly adopted the strategy of comparing the tens first when ordering sets 
of pictures^ such as those representing 7, 23, 34, 43, 75, 90. She made 
occasional errors, such as putting the 7 just before 75 obviously interpreting 
it as 70. She also would sometimes concentrate on numerousness as when she 
ordered this set: 20, 21, 13, 14, 50, 51, 52, 99. However, when it 
appeared to her that only one decade was involved she would count two or 
three of the pictures completely then begin ,looking;^only at the ones for the 
purpose of ordering them/ In contrast to theottT^ children, V performed 
better when the manipulative aids shown in the pictures were varied forcing 
her to count instead of making impulsive judgments from the patterns alone. 
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,V acquired the concepts . more and less rapidly although the symbols 
^ and ^ never became meaningful to her. Given two numbers less than 
100 V could make correct verbal "more than" and "less than" statements 
about them, but constructing a sentence using one of the symbols resulted 
in what appeared to be guesswork. Once when comparing the numbers 69 and 
96, she put the cards with the numerals on them on the boar,d .in front 
of her and said "These are _the^same-, see? Uihe and nine, si:c and six 
Jppinting at th'e respective digits). When she was asked to read the 
numbers, however, she realized that 96 was larger. When comparing 56 and 
52, V said 56 is more "because 6 is more than 2." She also, said 27 was 
less than 41 but gave as her reason "because 7 is less than." 

V was slow to understand one more (less) and ten more (less) but 
eventually could show them with any of the six manipulatives and verbally . 
give the^v^esult of adding (taking away) one or ten more (less) to a given 
n\3mber. She could rarely give the verbal response without objects 
present, especially one or ten *ess. When confronted with an unfamiliar- 
manipulative (cups of camdy) V was unable to show one more or ten more. 
However when one more and ten more were added, she was able to give the 
resulting new numbers. 

When dealing with numbers greater than 100, V again needed objects 
present to start at a given number and count by ones, tens, or hundreds, 
especially when bridging of tens or hundreds was required. At the end of 
the year V was shown a three-digit numeral and told to "Write the number 
which is one more than this number." Similarly she was asked to write one 
less, ten more(less), and one hundred more (less) than given numbers. V 
obviously did not understand what she was being asked to do and simply 
copied the hundreds or tens digit in the blank. Later she was instructed 
to put out objects corresponding to the numeral in the first item and 
then to show ten more and write how many. V did this correctly and was 
then able to- respond correctly to the other five items without using 
manipulatives. It was necessary that she visualize the concrete inter- 
pretation of the task oefore she could perform it in the abstract. 

AWmON m SUBTRACTION WITHOUT REGROUPING 

V was slow to observe the "2 + 5 = 7, so 20 + 50 = 70" pattern at 
the oral level, but observed that 

30 
+ 40 
70 

was just like 

3 

+ 4 

7 

and questioned why the zeros had to be there. 



131 



When matching pictures with addition problems, V would add the ones in 
the problem^ find a picture with the correct number of ones altogether, and 
then'Vorry about the tens. 

'V aid not connect the verbal drill on the three equal expressions: 

43 = 4 tens + 3 o nes = £0 + 3 , with the written exercise even 
though she was able to make the oral statements." 

V had difficulty determining the addends of a problem represented by 
a pictured display. When she could figure them out, she still had trouble 

deciding where to put them unless the structure + was given to indicate 

when to write. After completing a problem, V could rarely say what problem 
it was that she had just worked or answered, Tor excimple, "So, what is 
23*+ 14?" after having worked it symbolically. 

After being introduced to the short form, V frequently refused to put 
in the middle step when regrouping was not necessary. She preferred: 

23 to 
+ 14 

3? 



She would sometimes put the middle step in, but would not use it to find the 
answer. 

V needed pictures* or manipulatives in order to perform at the symbolic 
level for a long time, much longer than the other children. She was very 
inconsistent with symbolic addition. After working three or four problems 
correctly she might add one of the tens digits in with the ones, or add all 
the digits together. Once when adding: 

1 

+ 38 



she answered 11, adding the 3 and 8 together. She also insisted on one 
occasion that the two fives in 

4 

+ 55 

were both ones. The one-digit addend on top consistently confused her. 

Problems with zeroes caused her difficulty. She could answer problems 
such as 60 + 20 orally but the zeroes seemed to confuse her when working the 
same problem symbolically. 

In February after the unit on two-digit addition and subtraction with- 
out regrouping, V gave the following responses: 
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23 
14 



36 



Q: Read the problem for me* 
V: 20 + 5 + 3 is 23* 

r 

Q: How did you get the answer? 
V: I had 20 'and 5 and' 3* 



ERJC 



■30 



Q: How did you get your answer? 

V: 3 and 4 ':inore is 50, and zero ones. 



Q: Read .the problem for me. 
V: 40 and 2 and 7 is 90. 



These responses were inconsistent with her classwork which was 
usually correct except for an occasional fact error. 

V could not do 24 + 32 mentally, but counted on to correctly solve 
23+5 mentally. V was successful when solving addition problems with - 
any of the six manipulatives , but when using beans, some in bags of 10, 
V used single beans ro represent both tens and ones. She did, however, 
arrive at the correct answer. 

When asked to compare a picture showing 25+2 with the problem 

25 
+ 2 



45 

V said the problem goes with the picture. She merely compared £he addends 
but did not take the whole problem into consideration. Such oversights 
were common when V was asked to reflect on something already completed. 

I^»en presented with the very first subtraction problem verbally, 
7 - 3, V made a set of 7 and a set of 3, took away the set of 3 and got 
an answer of 7. Her number sense was very poor at the beginning, so that 
interpreting 



as 6 - 2 = 6 



□ □ □ □ □ UQp^ 

did not cause any conflicts with her previous knowledge. 
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When working symbolic subtraction problems involving only multiples of 
ten, such as 40 - 10, V would show 4 - 1 on her fingers, saying as she did 
it "40 take away 10 is 30." 

As with addition, V was lost without some structure, at least - , 

and had trouble lining things up. This difficulty caused errors such as 
the following: 

38 
18 

*-When a worksheet required her to look at a s^onbolic problem and draw 
rings \n the pictured display around the objects to be taken away, V would 
do the ones first, write the difference, then do the same for the tens. 

When asked to solve: 45 

12 



with cups of candy and single pieces of candy, V computed the answer first 
then put out three cups of 10 candies each, then three more cups of ten 
each and said "33.;* She could, howev.er, perform two-digit subtraction without 
regrouping with any of -the six familiar manipulatives. 



Avvmou m subtraction with regrouping . - 

When presented with an addition problem requiring regrouping before 
receiving instruction on the regrouping algorithm, V made the common error: 

27 
+ 35 

^ - SI '■I ■ .-_ ^-l 

She could not read the whole problem but read the answer as " fif ty-rwelve. " 
When asked how she got her answer, she responded "I added 20 and 30 and got 
50, and I added 7 and 5 and got 12." When she worked the problem with Dienes 
blocks, she counted the five ^pngs, "10, 20, 30, 40, 50," and then the 12 
units "51, 52, . . ., 58, 597^60, 70, 80." 

While V.was able to trade to make fewer ones with any of the six 
manipulatives, she did not use this technique when solving regrouping problems 
but simply counted all the cnes until she reached an answer. She showed 

58 
+ 25 



with sticks but could not give an answer. Instead of counting all the tens 
first, she counted on from 25 incorrectly as follows: "25, 35, 30, 35, 55, 
75, 85, 95, 96, 97, 98, 99" and stopped. 
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V needed objects or pictures for a long time before she felt 
comfortable perfoirming addition with regrouping symbolically. After 
she mastered the algorithm she only used the pictures to determine the 
addends. The shaded loop of ten shoving regrouping was meaningless to 
her. ' ^ 

V would put in the middle step on addition problems only when 
necessary, frequently working two consecutive problems on a worksheet 
differently if one required regrouping and *one did not, as shown below: 

34 

- 28 31 

10. ' 25 

After dealing with two--digit plus two-digit addition, V found 
problems with one-digit addends confusing. She worked 

: 46 • ' 

... • + 7 

with beans by using single beans for each digit instead of using bags 
of- 10 beans for the tens. Thus she arrived at an answer of 17. 

While proficient with the addition algorithm, when given a single 
. problem during an evaluation interview she would occasionally forget. A 
description of one such instance follows: 



34 


Q: 


Read the probleia for me. 


+ 29 






5/3 


V; 


It's 54. ^- ' 




Q: 


Why should the answer be 54? 




V: 


Because you add the one and three 






together. 



When given a subtraction problem requiring regrouping before 
instruction on the algorithm, V responded as follows: 

53 
- 24 
30. 

She showed this with cubes and just ignored the subtraction impasse. 

V was not convinced at first that trading ten ones for one ten or 
vice versa did not change the total numbex. Even after she began 
believing this she still had difficulty verbalizing the inequality, 
such as 2 tens and 3 ones equals 1 tens and 13 ones. When told to 
"Trade to make ones" she was often confused, not knowing whether to 
trade one* ten for ten ones or vice versa". 
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When she began symbolizing the trading she was doing with objects, V 
did not want to cross out to show the trading because it looked "messy." 
She actually made very few 1 subtraction errqrs due "to looking at the original 
digits and eventually conceded to the crossing out technique. . 

On the worksheet of pictures showing displays before and after trading, 
-V Tecdurvte"d'* every thing"after trading, still not trusting that the total num- 
ber had been preserved. Although .V could eventually trade one ten for ten 
ones correctly, and show this^-symbolically , ;She found it difficult to use 
this skill when it actually was necessary iri subtraction^^problems. When pic- 
tures were present she usually refused to sh^w trading. 

When writing- a problem for pictures, V completely ignored the middle 
trading picture and used the other two to set up the problem and get the 
answer. Eventually she used the algorithm to obtain the answer, ignoring 
both the second and third pictures. > 

When worked addition and subtraction problems on the same worksheet, 
V sometimes got confused and developed a third "combination algorithm." 

75 

- 38 



^3 

V was unable to show how to solve the above problem with Dienes blocks. 

After mastering the subtraction algorithm, V was still rather incon- 
sistent. She would occasionally revert to the "take th:.- smalleot from the 
largest" technique, as she did in the problem below: 

43 

- 26 i 



23 

When asked to read the problem she said "3 take away 6 leaves 3; 4 take away 
2 leaves 2." 

When presented with 3-digit addition and subtraction problems without 
instruction, V interpreted each one as three separate problems. For example, 
she read; 

\ 

345 

+ 173 ^ 

as "3 and 1 is 4; 4 and 7 is." The interviewer stepped her saying "Just 
read the problem." She continued "3 and 1, 4 and 7, 5 .and 3." This 
behavior was consistent throughout all the problems, ad<3ition and subtraction 
alike. 
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V was unable to transfer her knowledge of the two-digit regrouping 
algorithms to three-digit s^ituations. ^,She =idded 



17S - ^ -^^ t _ ^ - 

with chips, ignored the hundreds, and counted to 133 without trading* 
When working 

/f 

245 ( 
- 148 

she said "2 take away 1 is 1" ,{putting out one white chip) then 
"5 take away 8 is 3." When asked what the answer is, V said "3." 

V seemed to have a fair understanding of tens and ones and the 
two-digit algorithms. She needed more work at the enactive level to 
better prepare her for the symbolic. Perhaps this would" have aided in 
her transfer to three-digit situations. 
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